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Foreword:

Physics 2 is one of the fundamental modules designed for first-year students in the field of
Science and Technology, including both LMD students and Engineering preparatory students. This
module aims to provide students with the basic concepts of electricity and magnetism while
developing their analytical skills, mathematical reasoning, and ability to apply physical laws to
different electrical and electromagnetic systems.

The module is taught during the second semester with a weekly schedule consisting of one

hour and a half of lectures and three hours of tutorial sessions, allowing students to combine
theoretical understanding with practical problem-solving approaches.
This handbook is organized into four main parts. The first part presents the essential mathematical
tools required for the study of physics, including elements of length, surface, and volume in
different coordinate systems, as well as multiple derivatives and integrals. The second part is
devoted to electrostatics, covering electric charges, electric fields, electric potential, electric
dipoles, Gauss’s law, conductors in electrostatic equilibrium, and capacitors.

The third part focuses on electrokinetics, where electric currents and electrical circuits are
studied through Ohm’s law, Joule’s law, circuit analysis, and Kirchhoff’s laws. The fourth part
deals with electromagnetism and introduces the magnetic field, Lorentz force, Laplace force,
Faraday’s law of induction, Biot-Savart law, and magnetic dipoles.

Special attention has been given to the pedagogical aspect of this handbook. Numerous
worked examples and application exercises covering the different topics of the module are
included, together with simplified and progressive explanations intended to help students better
understand the physical concepts and acquire rigorous problem-solving methods. Emphasis has
also been placed on developing scientific reasoning and methodological skills that are essential for

undergraduate students in science and engineering.
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Chapter |: Mathematical Reminders

1. Introduction :

In physics and applied mathematics, choosing an appropriate coordinate system is essential for
describing positions and simplifying the study of physical phenomena. The most commonly used
coordinate systems are the Cartesian, cylindrical, and spherical coordinate systems.

In these coordinate systems, we have already studied the differential elements of length, surface, and
volume, whose mathematical expressions vary according to the nature of each system.

Vector analysis also makes use of important differential operators such as the Nabla operator, the
gradient, the divergence, and the curl (rotation), which play a fundamental role in many areas of
physics and engineering.

In this chapter, we will review these operators and express them in Cartesian, cylindrical, and spherical

coordinates.

2. Elements of Length, Surface, and Volume in Different Coordinate Systems:

2.1. General Definitions
- Element of length dl:
A differential vector representing a very small displacement in space (direction + magnitude).
- Element of surface dS:
A very small surface element representing a portion of a surface with a normal direction.
- Element of volume dV:

A very small volume element representing a portion of space.

2.2. Cartesian Coordinate System

M’

Consider a Cartesian coordinate system R(Oxyz) equipped with

ds, = dxdz

the basis (7, 7, k)

M is a point in space in this coordinate system, its coordinates are

(x,y,2)




> Element of length:

dly =dx ,dl, =dy , dlz =dz

dl = \/(dxz + dy* + dz%)

dl =dx?+dyJ + dzk

(represents a small straight displacement along the three axes)

> Element of surface:

dS; = dxdy
dS, = dxdz
small rectangle in the
(surface in Oxz)
Oxy plane)

> Element of volume:

dV = dxdydz

dS; = dy dz

(surface in Oyz)

(represents a very small rectangular parallelepiped)

Exercise:

- Calculate the area of a rectangle with sides a and b.
- Calculate the volume of a rectangular box with dimensions a, b, c.

Solutuin:

b a_|b
S=, foadxdy S=xloylo —

|

V= foc fob foa dxdydz

_D

c
0

_D

szﬁywz

2.3. Cylindrical Coordinate System

S=axb

V=axbXxc

Consider a Cylindrical coordinate system R(O,p,0,2z)
equipped with the basis (Up, U0, uz).

M is a point in space in this coordinate system, its

coordinates are (p, 6, z).




> Element of length:

dl = dpp + pd6 ub + ggﬁz
di1 diz dl3

dl, = dp dl, = pdo

radial displacement circular displacemen

> Element of surface :

dS = pdpdf
(small disk element)

(z = constant) (p = constant)

> Element of volume:

dS = pdf dz

(lateral cylindrical surface)

dl = \/(dpz + p*d6* + dz%)

dl; = dz

t vertical displacement

dS = dpdz
(radial plane surface)

(6 = constant)

dV = pdpdf dz
(represents a small cylindrical volume)
Note :
0<r<R 0<6<2n 0<z<h
Exercise:
1)  Calculate the circumference of a circle
. A Y
of radius R. V/ oo oA
2)  Calculate the area of a disk of radius R. 7 h
3)  Calculate the lateral surface area of a //
cylinder of radius R and height .h. / Q v
4)  Calculate the volume of a cylinder.
Solution:
1) Calculate the circumference of a circle of L=[rdd =Re6 lz(;T =R X (2nr —0)

radius R:

2) Calculate the area of a disk of radius R

S=J"J rdrde S§=(R?-0)x(2m—0)




h (2
3) Calculate the lateral surface area of a S = fo fo "Rd6dz ; S=R 2r-0)x(h—-0)

cylinder of radius R and height h S — 2nRh

R
f rdrd0@dz
0

0= [ v~ |

V=(%R?—qp<@n—0)xap—m

4) Calculate the volume of a cylinder

2.4. Spherical Coordinate System

Consider Cylindrical coordinate system R(O, 1,8, ¢) equipped with the

basis (ur, U6, ue).

M is a point in space in this coordinate system, its coordinates are

(r,0,p).

> Element of length:

—

dl = dr U, + rd g +rsinfde i,

21 diz di3
dly =dr dl, =rdo dl; = rsinfd g
radial displacement polar displacement azimuthal displacement
» Element of surface:
dS; = r?sinfdfd¢ ds, = rsinf dr d¢ dS; = rdrdé
(sphere surface element) (conical surface element) (meridian plane surface element)
(r = constant) (6 = constant) (¢ = constant)

> Element of volume:

dV = r’sinfdrd0de

(represents a small spherical volume)

0<r<R 0<6<n 0<p<2n



Exercise:

Consider a sphere of radius R described in spherical coordinates (7, 8, ¢).

1. Compute the surface area S of the sphere starting from the surface

element and using integration.

2. Compute the volume V of the sphere starting from the volume element

and using integration.

Solution:
1. Surface Area :

Surface element (for r = R (constant)):

dS = r’sin6do d¢

S
2 ©
S= f frzsine do do ; - S = R*(—cosé |y ¢ |2”
) =R2fsinedef d¢ 0
0 0
S = R* (—cosm + cos0) X (2@
1+1=2 S = 4mR?

-0)

Compute the volume V of the sphere starting from the volume element and using integration.
2. Volume of the sphere :
dV = r’sin@ dr d0 d¢

o ) Use the limits
Express the volume as a triple integral using dV,
] 0<r<R ; 0<6<m
then compute it.

0<¢p<2m
2w T R 1
_ 2 N L T o) |2
V—j ffr sinfdr df d¢ V_(3r )|0( c059)|0(<p)|0
2 00
1
V= (§ R3 — 0)(—cosm + cos0)(2m A
=2 V=§11:R3

2T
—-0) 0

10



3. Differential Operators

3.1.Nabla Operator

The nabla operator is a vector differential operator used to represent spatial derivatives in vector

calculus.

v" Cartesian Coordinates (x,V, z)

v" Spherical Coordinates (1,8, ¢)

V—a +1a*0+ 1 u
- arur 00 rsinag ¢

3.2. Gradient

The gradient of a scalar field f is a vector field defined as the action of the nabla operator on f :

Vf = gradf

It represents the direction and rate of the maximum increase of the function.

v" Cartesian Coordinates (x, v, z)

Let f = f(x,y, z), then:

_ f L Of f -
gradf |7f l + 6y] 6z
v" Cylindrical Coordinates (p, 8, z)

Let f = f(p, 0, z)then:

grad Vf = ——ub +—k
gradf = f ap up+ P 60 * 0z
v" Spherical Coordinates (1, 6, ©)

Let f = f(r, 0, @) then:

11



of , 10f_ 1 afé

grad Vf=— ——uf
gradf = f rur * rao * rsinf 0(p ue
Exercisel:
Let the scalar field be defined by:
f(x,y,2) = x*y + yz*
1. Compute the gradient % f.
2. Evaluate |7f at the point M(1,1,1).
Solution:
1) Compute the gradient
f ., 0f, af >
grad Vf==—14+-—]+—k
gradf =Vf=--1+ 3y t3
of of _ 2. 2 of
— =2 T =Xx"+z —
ax ry ay 0z

Vf = 2xyi + (x2 + 22)j + 2yzk

2) At the point M(1,1,1)
Vf(1,1,1) = 20 + 2] + 2k

Exercise2:

Let:
f(p.8,2) = p? + 7

1. Compute % f in cylindrical coordinates.

2. Evaluateitat (p,z) = (1,1).

Solution:
gradf =Vf = g +1 g 0 + g k
gradf =Vf = pup 30 Ep
of af af
dp p 00 0 0z z

Vf = 2pt, + 2zk

12



At (p,z) = (1,1):

Vf = 21, + 2k

3.3. Divergence

The divergence of a vector field A is a scalar quantity defined as:
DivA=V.4

v" Cartesian Coordinates (x, v, 2)

LetA=Ai+A,j+Ak

—

- 0Ax O0Ay 0Az
V-A= + +

ox dy 0z

v" Cylindrical Coordinates (p, 8, z)

Let 4 = A,tip + Agtif + Ak

- — > a 1 a a—> =
vA=V.A=(—Up+——=—u0+—k|.(A,up + Apgtif + A
div (6pup+p69u9+azk) (Apup + Agub + Ak)

. = _108(pAy) , 194y , 04,
divA = o +p 0 + e

v' Spherical Coordinates (r, 0, ©)

Let A=A, + Aglip + AU,

- — > a 1 a 1 a
vA=V.A=|—tUur+-—1 —up |. (A4, + Agu ALl
div (6rur+r66u0+rsin9 a(puga) (Aruy + Agup + Apuy,)

- 1d4(r*4 1 9d(sinbA 1 04
awi= 2004 1 O o) | ¢
rz ap rsin@ a0 rsing 0@

Exercisel:

Let:

A(x,y,2) = (%, y2, 2%)

1. Compute the divergence V-4
2. Evaluate it at the point M(1,1,1)

13



Solution:

5 5 06D 007

0(z%)

dx dy

V-X=2x+2y+22

AtM(1,1,1):

divAi,1)=2+2+2=6

Exercise2:

Let:

A(p,8,2) = p*ui, + Oty + 2%k

-

1. Compute the divergence VA
2. Evaluateitat (p,z) = (1,1)

1
=;(3p2)+1=3p+22

Solution:
- - - 10(pA 10A
divi =74 =220 | 1046 , ,
p O0p p 08 1 0(p°) 0z
= — + —_—
N 04, p 0Jp 0z
0z
Atp=1;z=1:
divA=3+2=5
3.4. Curl (Rotation)

The curl (or rotationnel) of a vector field A is a vector quantity defined as:

Rot A = VA4

It measures the local rotation or circulation of the vector field.

v" Cartesian Coordinates (x,V, z)

Let:

A=Ad+AjJ+ Ak

i j k
s = o a 9 0 04, O0A,\, (0A, O0A,, (04, O0A,
tA=VM=|— — —|= — — 2y
o ; dx 9y 0z <0y 0z)l+(az 6x)1+<6x dy
A, A, A,

14

)z



v" Cylindrical Coordinates (p, 0, z)

Let:
A= Ayip + Aguf + Ak

-

u, pug k

.- 1]p 0 0 1/0A, 0pAg\_ 1(04, 0A,\ _, 1(0pAy 0J4,\-
rotA=—|— — — =—< — )up o pug +— -—— |k
plop 968 0dz| p\06 0z p\0z dp p\ dp 09
A, phg A,
.. (194, 0Ag\_ (04, 04,\_ 1(dpAy 04,
"’“‘—(; 20 _E)“ﬁ(ﬁ_%)“”;( ap a0 )"

v" Spherical Coordinates (7,60, @)
Let:

A=A, + Aglig + AT,

U, 71U rsinbu,
1 o 0 ad
r2sinf [or 96 B
A, 1TAg rsinfA,

—

rot A=Vnd =

1 orsinfA, O0rAg) N 0A, OrsinfA,\ _ <6rA9 6Ar> o~
 r2sind 06 o Ur op or uo or a6 )T te

e

TotA =

r

1 a(sinfA,) 0Ay)_, 1 04, 10rAh,\_ 1<0rA9 aAr)_,
rsind a0 i 10 Ur T\ rsing dp 1 Or Uo ar a0)%

Exercisel:

Let the vector field be defined by:
/T(x’y’z) =xyl+yzj+zxk

- Compute the curl of the vector field A(WZ)

Solution:
A
s o S dzx 0 ax dzx ad XY\ —
rotd=vad=|9 9 iz(z - yz>i+( y_ Z)j (ﬂ__y>k
dx 9y 0z dy 0z dz Ox ax dy

Xy yz zx

15



70t A= (0—y)i+(0—2)j + (0 — x)k = —yi — zj — xk

Exercise2:

Given the vector field:

Solution:
ﬁp pug
T |
rot A = — i i
plop 06
pz p?

Aoz = pzi, + p*lg + 2% U,

Determine its curl in cylindrical coordinates.

k

o| 1[0z dp®) . dpz 0z%\
3z _p(06 az )"\ %z ap to +
72

- 1 1 -
A =E(0—0)ﬁp +(p — 0)ily +;(3p2 — 0k

rot A = pi, + 3pk

16



Glossary Tables for Chapter I: Mathematical Reminders
bl s S saal) cilathias

English

-

Ay pad)

Angle

L)

Arc length

ool Jsha

Area element

Cartesian coordinates

4 )80 cllaa)

Coordinate system

Gldlaa) alas / Gldlaa) dlaa

Cross product

‘;cl.a.& ;\J_;

Curl / Rotation

o) Siga/ ol sl

Curvilinear coordinates

RN IN

Cylindrical coordinates 3 ghadd clilaa)
Differential Jacalsi
Differential element Glali jaic
Differential operators lialei Gl yiga
Direction oladil
Directional derivative Aalad) daiia
Divergence e L)
Dot product PENNPAREN
Gradient z ol
Gradient vector zoul glad
Laplace operator / Laplacian oY Y
Length element Jshll Laléi yaic / Joh paic
Line integral s s
Magnitude il ghl)

Mathematical reminders =k S
Nabla operator Sl fise
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Normal vector

bl gl / g2 gee glad

Orthogonal coordinates aalaie ciliilas)
Partial derivative A ja ddlie
Position vector sl plass
Scalar field PSANYEN
Scalar quantity (alu laia
Spherical coordinates iy S il
Surface element chull Lals jaie [ mhu paic
Surface integral b JalSs
Tangent vector (mlas gl
Unit vector a5 g lad
Vector glad
Vector field Jaall glad
Vector quantity el e
Volume element aaall Lol paic /aaa paic
Volume integral o S
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Chapter ll: Electrostatics

1. Introduction :

Electrostatics is the study of electrical phenomena (electric field and electrostatic potential) produced
by static electric charges. It is a branch of physics concerned with charges at rest, meaning charges
that do not vary with time. Electric charge is a fundamental property of matter, which can be positive

or negative, and is responsible for the attractive or repulsive forces between bodies.

In this chapter, we will study charge distributions (discrete and continuous), the electric field, and

Gauss’s law used to determine the electric field in symmetric systems.

2. Discrete Charge Distribution

A discrete charge distribution consists of a set of separate point charges located at well-defined
positions in space.

We consider charges: q1,92,93, ---»qn

located at points: M, M, M5, ..., M,

Each charge is assumed a point charge, meaning its physical size is negligible compared to the

distances involved.

2.1. Coulomb’s Law

Coulomb’s law states that two point charges qi and g2, located at points A and B and separated by

a distance r, exert on each other an electrostatic force along the line joining them.

If:q1.q, >0 ﬁ1/z If:q1.q, >0
- B
U, B
- ’,,""/ q2 az
F /1 o ;T ﬁ2/1 q2
2 S P
qi
If g1 q, > 0, the force is repulsive If q1q, < 0, the force is attractive

20



The force exerted by charge q; on charge g2 is given in vector form by:

= 119z > 4192 — . AB
Fl/Z_k 7"2 1 F1/2=kmAB ul:ﬁ
where:
o k=—=09.10° Nm?/C?
4TrE

e & =8.8510"12 N"Im2(c?

e ris the distance between the charges

The forces 1—51 2 and 1—52 ,1 are equal in magnitude and opposite in direction, in accordance with

Newton’s third law.

Frjz = =Fon and [|Fy 2| = [[Fya

» Superposition Principle of the electric force:

The principle of superposition states that when several point charges are present, the total
electrostatic force exerted on a given charge is equal to the vector sum of the forces exerted by each

of the other charges taken separately.

Consider charges qi1,92,93,...,qn located at points P1,P2,Ps,...,Py in space.

If a charge qo is placed at a point M, the total force acting on it is:

n
Frorat (M) =ﬁ1+ﬁ2+--~+ﬁn=2fi P,
i=1 Uy
~._In =
n g a T M Fi/p
Frotar(M) = kqq r_.;ai ,‘
i=1 t P uz ”"—1:2” /,’ qO
n 6 K
- q _ 2 /I
Frotar(M) = kqq _Pl-l\ilf‘" EM d //@
i=1 ’
N
Where: Y
- Q/Q
F; is the force exerted on the charge q at point M by the ¢

charge gi located at P;.

Example:

Consider four identical charges (qi= q2=q3= q4=q) placed at the vertices of a square ABCD of side
a, i.e., located at points A, B, C, and D.

21



We aim to determine the resultant force acting on the charge at point A.

According to the superposition principle:

F(A) =FB/A+FC/A+FD/A

‘h‘h_, kq >
FB/A_k u1—k—( —1) =
r
2 ﬁC/A .
Fela = k%? S = (—al+ aj) Fp/a
(\/Ea) Al ‘ B
kg ) Foa 7 1
= —T+
2\/§a2( J N 2
: @ @
= 0193, _ kq*,
Fpja=k—7FuUs =—J
3
2 2
—kq®, kq kq* . kq®
F(A) =Fg/jp+Fc/q+FEpjq = —t+))+ = = +))+
(4) B/A C/A D/A > 2\/§a2( I+7) P aZ (Gl 2\/—( T+D+7

2.2. Electrostatic Field (Electric Field):

The electrostatic field is a physical quantity that describes the effect of electric charges in space.

It is define as the force per unit positive test charge placed at a given point.

The electric field created by charge q at a point M is given by:

22



= Kq -
(M) =324 EM) 1M K

SR
V/m); (N/C) lam]|

= =9.10° Nm?/C?
47‘[80 m/

The electric field is directly relate to the electrostatic force. It is define as the force per unit charge.
F = qE

» Superposition Principle of the Electric Field:

The superposition principle of the electric field states that the total electric field at a given point is

equal to the vector sum of the electric fields produced by each charge taken individually.
Consider charges g1, q2, ..., qn located at points P1, P2, ..., Pn .

The total electric field at point M is given by:

n
E(M)=51+E’2+---+En=ZE’i P
i=1 ‘&1\ T
qi ... M
. Pytl, -
EM) =k ﬁul ./V o) ,
i=1 ° q2 ,
/’ I/
: I,
qi
EM —kZ—PM S
( ) . Png L
=1
Exercise:

Consider a square ABCD of side a. Three charges (qi=q3=-q, and q2=q) are placed at the vertices B,
C, and D.
- Determine the electric field at point A.

Solution:

The electric field at point A is the vector sum of the fields created by the three charges located at B,

C, and D: EC/A
\ z
AT D/A ’B
E(A) = Ez(A) + Ec(A) + Ep(4) 9 S
By = ki = ko (-0 = @ @
T’ a a

1

23



= qd2 — kq S kq .
E-r=k—CA=——(—ai+aj)) = -1+
Cc CA3 (\/Ea)3( D 2 ,—Zaz( D
a q9s . _k(=q), —kq,
E :k— = =
D T'32u3 az J az J)
- e, kq . kq S kq, kq , 1 S
E(A) =E E E, = — - ——T7=— — (- -
() B+ C+ D a2l+2/—2a2( l+D az] a2(1+2,—2( l+7) 7)

E(a) = g(@ -)i-(1 +$)j) (N/C)

2.3. The Electrostatic Potential:

The electrostatic potential at a point M is a scalar quantity that represents the electric potential energy

per unit charge at that point.

It is defined by:
_Kqg__1 4 : e
V(M) = v dmE, T V) €0 is the permittivity of free space
Properties:

e Ifg>0,thenV(M) >0
e Ifg<0,thenV(M) <0

> Superposition principle:

If several point charges q1,q2,...,qn are present, the total potential at point M is the algebraic sum of

the individual potentials:

n n
VM) = Vi +Vy+ - +V, =ZV,-(M) = kZ%
i=1 i=1 '

where r; is the distance between the charge ¢; and the point M.

Exercise:

Consider a square ABCD of side 2a, with charges located at the vertices in the following order:
A(+q),B(+2q),C(~2q),D(+q)

Determine the electrostatic potential at the center O of the square.
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Solution:
The distance from the center O to each vertex is:

2a
AO = B0 =C0 =D0 =—==+2a

V2
Kq:, Kq, Kqz3 Kq,
V)=V, +Vs+V V(0) =
©)=VatVs+Ve ©) =20 "B0 7o * Do
_Ka | 2Kq_2Kq  Kq _ Ka | 2Kq_2Kq  Ka
V(O)_AO+BO C0+D0 - V(O)_AO+BO C0+DO
K 2K 2Kq K Kq 2Kq 2K
Vo)=L 229 79, 74 1+2-2+1)=--2_Y"4

V2a \/_a V2a \/_a\/f VZa a

2.4. Relation between the Electric Field and the Electrostatic Potential:

The electric field is directly relate to the spatial variation of the electrostatic potential.

The electric field is the negative gradient of the electrostatic potential:

E= —gradV
Between two points A and B:
B—) —_—
V(B)—V(A)=—J E-dl
A

2.5. Work of the Electrostatic Force:

The work done by the electrostatic force when a charge moves from one point to another is relate
to the electric field and the potential difference.

Consider a fixed point charge qo, and a test charge ¢ moving radially from point A to point B, at
distances ra and 1z from go.

The work done by the electrostatic force from A to B is:

The element work of F is:

dw (F) = F.dr

-> rB—) —_— kq q TB 1 _1 T
WA_,B(F) = j F.dr = J 0 dr = kqoqf r—zdr = kqoq [T|Tj]
T

TA A Ta
— K (1 1) _ (kCIo k%)
= Kqoq —y =q T T
=q(Va—Vp)
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WA—»B(F)) =q(Va—Vp)

2.6. Electrostatic Potential Energy

The electrostatic potential energy is defined from the elementary relation:
dE, = —dW (F) = —F.dr

This means that the variation of potential energy is equal to the negative of the work done by the
electrostatic force.

For a charge gy in the field of a point charge ¢:

F=klly
r
For a radial displacement:
dr = dr i,

Note: (about radial motion)

In this derivation, we assume a radial displacement (along the line joining the charges) in order to

simplify the calculation, since the force is central and directed along U,..

thus:
909
dEp = —Fdr = _kﬁdr
" kqoq "1 —1r
Ep(r) — Ep(o0) = _L r(z) dr = —kqoq L r—zdr = —kqoq [7|Oo]
_ qd
Ep(r) =k =
Note:

The integration is performed from © to r because it represents bringing the charge from infinity to

the point r.

Important remark

The electrostatic force is a conservative force, therefore:
e The work does not depend on the path followed
e It depends only on:
- the charge
- the initial position

- the final position

26



Interpretation

v 1If qoq > 0 — repulsion —» Ep > 0
v If qpq < 0— attraction — Ep < 0

Exercise:

In an orthonormal coordinate system (O, 1,7]), consider the following point charges:

e (1 = +qlocated at point A(a, 0)
e (; = —2 located at point B(0, a)
e (3 = +q located at point C(—a, 0)

We study the electrostatic quantities at the origin 0(0,0).

Given:

k=9.10°, a>0, g>0

1. Plot the points A, B, and C in the coordinate system.
Determine the unit vectors along the directions AO, BO, and CO.

Determine the electric field at point O created by each charge.

Using the superposition principle, deduce the resultant electric field E)(O).

Calculate the electrostatic potential V(0).

A test charge qo placed at point O. Determine the electrostatic force ﬁ(O) acting on it.

Determine the electrostatic potential energy of the charge qo at point O.

® N s wDb

Th charge qo is move from O to a point at infinity. Calculate the work done by the
electrostatic force during this displacement.

9. Does this work depend on the path followed? Justify your answer.

Solution:

1. Plot the points A, B, and C:

2. Unit vectors :

The relevant directions are:

o from A to O: along —7

o from B to O: along —J

~

®

o from C to O: along +7
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Hence,

— _ - — _ - — _ -
Ugo =L Upo = —] , Uco = Tl

3. Electric field created by each charge at O:
Field due to q1 = +q at A(a, 0)

= q1 . q —kaq
E, = kr—%ul = k?(—i) = ?l
Field due to q2 = —2q at B(0,a)
= qz . (=29) 2kq .
E2=kﬁu2=k a2 (_D:?]

Field due to q3 = +q at C(—a, 0)

E;=k—u; =
3 rg Uus az l
4. The resultant electric field E(O):
- fod = = _k - Zk - kq—> kq - -
E(0) =E,+E,+E3 = it +a—L=;(—L+2]+T)
2kq
E(0)=—7]

5. The electrostatic potential V(O):

Kq: Kq, Kq; Kq 2Kq Kgq
VO =Vt Vata=Jpt gt og =g T T =00

6. The electrostatic force 1_7)(0):

- - 2kq ., 2kqoq .
F(0) = quE(0) = qo—3 J =5

7. The electrostatic potential energy of the charge qO at point O
E,(0) = qoV(0) = 0]Joule

8. The work:
WO—)oo(F)) = qO(VO - Voo) =0 loule
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2.7. Electric Dipole:

An electric dipole is a physical system consisting of two electric charges (electric charge: a physical
quantity measured in coulombs that is the source of electric fields) of equal magnitude +q and —q,

but opposite signs, separated by a small fixed distance d.

a) Dipole Moment

The dipole moment is a vector quantity (vector

p :
quantity: a physical quantity having both magnitude QL Q
and direction) that characterizes the dipole:
54— --------------------------------- -»E
d
ﬁ - q -NP —q : negative charge
. +q : positive charge
q.' magnltUde Of the Charge d :distance between the charges
5 : dipole moment vector (from —q to +q)

NP : distance vector (vector connecting the two
charges)

Direction of p: from negative charge to positive charge

b) Electric Potential Energy

The dipole has an electric potential energy (potential energy: energy related to position or

configuration in a field) given by:

E,=-p-E
v Ep: potential energy

v Depends on the angle between p’and E .This energy represents the system’s ability to do

work due to its position in the field.
3. Continuous Charge Distribution

3.1. Introduction

In electrostatics, electric charge is often not concentrated at discrete points, but rather distributed
continuously over a:

e Line (wire)

e Surface (sheet)

e Volume (solid object)
In such cases, summation is replaced by integration:

The idea is to divide the charge into infinitesimal elements dg, then integrate their contributions.
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3.2. Charge Density:
Charge density describes how charge is distribute in space. There are three main types:

a. Linear Charge Density A

dq

)L:E

— dq = Adl
Where:

e dgq: infinitesimal charge

e A linear charge density

e dlI: infinitesimal line element (or differential length element)

v' Cartesian :

dl =dx,ordyordz

v' Polar (Circular Arc) :

dl = Rdf

b. Surface Charge Density ¢

0 =15 - dq = odS

Where:
e dgq: infinitesimal charge
e o: surface charge density

e dS : infinitesimal surface element (or differential surface element)

v' Cartesian e dx,dy — surface parallel to the xy-plane
dS = dxdy, e dy,dz — surface parallel to the yz-plane
ds =dydz, e dx,dz — surface parallel to the xz-plane
dS =dxdz

v' Polar (Disk)

ds = pdp de * 0=7=R
. 21

(surface element of a disk)

v Cvlindrical (Curved Surface)
dS=RdOdz e 0<6<2m

(lateral surface element of a cylinder)
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where:

Spherical (Sphere)

dS =r?sin6 df dg

(surface element of a sphere)

Volume Charge Density p:

94, 4q = pav
= — =
p=—y—dg=p

dq: infinitesimal charge
p: volume charge density

dV :infinitesimal volume element (or differential volume element)

Cartesian
dV =dxdydz

infinitesimal rectangular box

Cvlindrical
dV =pdpdfdz

(volume element of a cylinder)

Spherical
dV = r2sinf dr do do

(volume element of a sphere)

3.3. Electric Field and Potential in Continuous Charge Distributions:

3. 3.1 Electric Field E:

Electric field due to a continuous distribution:

dE(M) = — 1 (M)

= dq_,
E(M) =Kfr—2u

— e

lam]]

. dq —
E(M) =Kf =AM

lam|
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¢ Linear Charge Distribution :

Let a line charge be distributed along a curve

with linear charge density A.

dq = Adl
Adl_,
EM) =K | =1
1'
EM) =K f =AM
IIAM I

@ Surface Charge Distribution :

Let a surface charge distribution be characterized

by a surface charge density o.

dq = adS
E(M) _ Kf adS
s =[]

€ Volume Charge Distribution

Let a volume charge distribution be characterized

by a volume charge density p.

dq = pdV
o 22+
E(M) = Ly,
lam|

3. 3.2 Electric Potential V :

Kd
v == ‘

# Linear Charge Distribution :

V(M) = K

¢ Surface Charge Distribution :

Adl

V(M) = Kﬂ‘ odS

32
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¢ Volume Charge Distribution :

o0 2

3. 3.3 Relation Between Field and Potential:

E=-TV

The electric field is the negative gradient of the electric potential.

In Cartesian Coordinates:

0x 0 0z
_ v e oV
*T 0 ox * dy Z7 9z

B-) —
V(B)—V(A)=—LE-dl

where in Cartesian:

—

dl = dxi+dyj+dzk

Exercisel:
A finite uniformly charged wire of linear charge density A lies along the y-axis fromy = —btoy =
L. A point M(a, 0) is located on the x-axis.
- Determine the electric field E (M)
Given:
L=60cm; 2=2x10"*C/m; a=50cm ; b=20cm
Solution:
Electric field at M(a,0) :
Take a small element of charge:
dq = Ady T
The vector from dq to M is
AM =ai-vyJ a g x

L_\-I.a,();-

AW = e+ 52
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So the elemental field is

N Kdq . (ai—y))
dE(M) = —— =AM = 2 233/2
|am|| @+
b i
E(M) = KA at—yJ

(aZ + y2)3/2 y
“b

X-component :
L-b y

a
— dy =
b= K | oy = ka2 ) ) [y~
aa*+y*) —
-b

K/l( L-b b )
E,=— +
a \\/a?+ (L—-b)2 Va®+ b?

y-component :

L-b -1

y 1 L-b Y dy =
E =—K/1f —dyzKA(—) f 21 v2y32 %Y >
y 21 y2)3/2 311 _p (a* +y%) Jaz+y
g (@ +y%) Jaz+y

Ey=m< ! - )
Ja+ (L—b)2 Va?+ b?

E(M) m( il B >7+Ka< ! )”’
= — 1 —
a \\/az+ (L—b)?> Va?+ b? Jaz+ (L—b)2 Va?+ b? !

E(M) = 35.86 x 105 — 5.31 x 10°]

Exercise?2 :

A uniformly charged disk of radius R lies in the (xy) plane, z
centered at the origin. ¢ M(0.0.2)

The surface charge density is constant and equal to ¢ > 0.

A point M (0,0, z) is located on the axis perpendicular to the disk.

1) Determine the electric potential V(M) at the same point.
2) Calculate the electric field E (M) at point M. @.

3) Verify that:

- When z — 0, the field approaches that of an infinite plane.
- When >> R, the disk behaves like a point charge.

34




Solution:
1) Electric potential V(M):

Element of charge

A ring of radius r and thickness dr has area

ds = pdp de

so its charge is

dq=0dS =opdp do

Every point of this ring is at the same distance from

M:

r=.p?%+2z2

Thus the elemental potential is

Kd Kd
av(m) = —4 _ 1
Substitute dq:
Kd Ko dS Ko pdp do
dV(M) = q _ pap

r [p2+22  [p? + 22
2w R

_ pdpdo
V(M) —Kaof 0]

R 2
—_—= Kajﬂf do
N N
V(M) = Ka[ [p% + Zz] I; [6] 2: V(M) = 2nKo (\/R2 +2z% - |Z|)

o
V(M) = — (\/RZ + 72 — |z|)
280
Since usually we take z > 0 on the upper side of the disk:

V(M) = L(\/RZ + 7% — z)

280
2) Electric field E(M):

Because of symmetry, the field has only a z-component:
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EZ = —E
Forz > 0,
o
—_ 2 (.[nz 2 _
V= 280( R~ + z z)
Differentiate:
dv o ( z 1)
dz  2&y\JRZ + 22
Therefore
dv o z
PO Y PR
dz 2g VRZ ¥ 72
So forz > 0,
EM) = -2 (1 z )E
2¢g VRZ ¥ 72
4. Gauss’s Law and Electric Flux
4.1. Introduction:

Gauss’s Law is a fundamental result in electrostatics.

It relates the electric flux through a closed surface to the charge enclosed within that surface.

This theorem greatly simplifies the calculation of electric fields, especially in cases with high

symmetry.

4.2. Vector representation of a surface:

To study flux, we associate to each surface element a vector called the surface vector.
ds = dsu,
where:
- dS: Surface element.

- Uy,: Unit vector normal (perpendicular) to the surface.

- For a closed surface, it is oriented outward.

Interpretation:

- The direction of d_S) defines the orientation of the surface.

- Its magnitude equals the area of the surface element.
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4.3. Electric flux:

The electric flux through a surface S is defined as:

¢=#ﬁ-d_s’

dd =E-dS =E.dS.cosf

Using the dot product:

where:

o E: magnitude of the electric field

e 0: angle between EanddsS

Thus:

D = # E.dS.cos0

The flux represents the way in which the vector field E crosses the surface.

special cases :

1.6=0

cosO0=1>do =EdS

e Maximum positive flux.

o Field is perpendicular to the surface and pointing outward.

2.0=C
2

(4
cosE=0=>dd>=0

e No flux.

o Field is parallel to the surface.

3.0=m
cost =—-1>dd =—-EdS

e maximum (in magnitude) but negative flux

o field is entering the surface
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4.4. Statement of Gauss’s Law:

The total electric flux through any closed surface is equal to the enclosed charge divided by the

permittivity of free space.

#Eﬁ:zom

&o

Note:
v" The surface must be closed.
v" Only the enclosed charge is considered.

v' External charges do not affect the total flux.

4.5. Applications of Gauss’s Law:

1. Infinite line charge :

We consider an infinite straight line uniformly charged with a

linear charge density A>0 . 4$SZ
E —
a) Choice of Gaussian surface <—>+—i_>ﬁ .
R dS;
We choose as a Gaussian surface a cylinder of radius r and L E I &o—
4——
. . . . . __> -
length L, coaxial with the line charge, due to cylindrical \I E
symmetry. .
y y + as,
The electric field is radial and depends only on the distance r
The closed cylindrical surface consists of three parts:
1. Lateral surface Si
2. Top base S:
3. Bottom base S3
b) Total Flux:
d¢ = dd)lateral + dd)top + dd)bottom o = # EES:l + # EES:Z + # Ezg)g
s1 s2 s3
s1 2 s3
E IIISH R :(L R :i
(ELdS?) (ELdS?)
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¢ = # E.dS, = # E.dS;cos(o) = E.S; = E.2nrL S1 = Siateral (¢) = 2WTL
51 S1

c¢) Enclosed charge :

Qenc = )'L
d) Application of Gauss’s Law :
#E-dS:ZQenC E.2nrl = —
& €0
Electric field
E(r) = E(r) = .,
) = 2me,T () = 2me,T .
Note:

v If A > 0, the electric field is directed radially outward from the line charge.

v If A <0, the electric field is directed radially inward, toward the line charge.

2. Infinite Plane :

We consider an infinite plane uniformly charged with a

surface charge density o > 0.

a) Choice of Gaussian surface

We choose as a Gaussian surface a cylindrical pillbox of

cross-sectional area S, whose axis is perpendicular to the

plane, due to planar symmetry.

The surface consists of:
1. Lateral surface S1
2. Top face Sz
3. Bottom face S3

b) Total Flux:
s1 S2

+# E.ds,
S3

do = d‘plateral + dd)top + d‘pbottom
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) +jl§,€ Ed—s’+ﬁ€ B.d5,
S2 S3

=0, (EdS,) (ENldSy)

S

Il
Ees

tryl

&l

95

¢=# Ed_ustz"'# E)d_5)3= # E.dS:lCOS(O)'*‘# E.dSZCOS(O)zE.Sl‘l'E.SZ
S2 S1 S2

¢ =2E.S (81 =$2 = Siateral G = T[TZ)

¢) Enclosed charge :

— — 2
Qenc - aslateral ) — onr

d) Application of Gauss’s Law :

N oS
#E-dS=ZQe"C 2E.S = —
80 80
o —
E(r) =— z>0
2¢
280 E(T')—Z—gok z<0

3. Cylindrical Surface Charge :

We consider an infinite cylindrical shell of radius R, uniformly charged on its surface with a
surface charge density o > 0.

For an infinite charged cylinder, the electric field has cylindrical symmetry.

a) Choice of Gaussian surface

We choose as a Gaussian surface a cylinder of radius r and
length L, coaxial with the charged cylinder, due to l ,
ds

cylindrical symmetry.

The closed cylindrical Gaussian surface consists of: 2 | 5
1

1. the lateral surface S1

2. the top base Sz T_
3. the bottom base S3
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b) Total Flux:

do = d(plateral + d(ptop + d(pbottom

S1 S2 S3

S1 S2 S3

ENdS,

(ELdsy) (ELdsy)

$, = Slateral(G)

@ = # E.dS, = # E.dS,cos(0) = E X S,
51 s1 = 2nrlL
& =E.2nrL
a) Enclosed charge :
If r<R:
Qenc =0
g>0
b) Application of Gauss’s Law : . @ +
+\ .
# E . Es’l — 2 Qenc . .
& Ll .
0 N .
E.2nrL = —
&o + *
E(r) =0 N~
If r>R:
Qenc = 0S(r) = 02TRL
c) Application of Gauss’s Law : /@
5 — ZQenc \\‘—”//
E-dS=—— i
&o 5 + :
o2nRL .
E.2nrL = " +
o . z
£ _ oR +v i
(r)= -
E(r) =01, r <R
- oR _,
E(r)=—u, r >R
EoT
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Note:

e Ifa >0, the electric field is directed radially outward

e Ifo <0, the electric field is directed radially inward

4. Cylindrical Volume Charge :

We consider an infinite solid cylinder of radius R, uniformly charged in its volume with a volume

charge density p > 0.

For an infinite charged cylinder, the electric field has cylindrical symmetry.

a) Choice of Gaussian surface

We choose as a Gaussian surface a cylinder of radius r

and length L, coaxial with the uniformly charged ld 3,
cylinder, due to cylindrical symmetry. T -
The closed cylindrical Gaussian surface consists of: g
——
L s
4. the lateral surface Si —E e— !
5. the top base Sz
6. the bottom base S3
ds;
b) Total Flux:
d® = dPgtera + dd)top + dPpyottom
s1 s2 s3
s1 s2 s3
Ellds, |70 |70
(E LdS5) (ELdS?)
P = # E.dS, = # E.dS,cos(0) = E x S; S1 = Suaterai(c) = 2L
s1 s1

® =FE.2nrlL

c¢) Enclosed charge :

If r<R:

Qenc =PV = p”rzl‘
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Application of Gauss’s Law :

fi .75 Lo =)

E-dS =
€o
prriL .
E.2nrL =
€o

P
280

If r>R:

Er) =2 =

Qenc = pV(r) = pRL @

Application of Gauss’s Law : \v

#E.d—s’:mm [.

€o
E.2nrl = pmR’L '
’ \\://
R2
E(r) = ;)sor
E(r) = g—;(; u, r<R
2
(r) = Zp:)r u, T7r>R

Note:
e Ifp > 0, the electric field is directed radially outward
o Ifp <0, the electric field is directed radially inward

5. Spherical Surface Charge :

We consider a spherical shell of radius R, uniformly charged on its

surface with a surface charge density o > 0.

Because of spherical symmetry, the electric field is radial.

a) Choice of Gaussian surface

We choose as a Gaussian surface a sphere of radius 7, concentric with the
charged sphere, due to spherical symmetry.
The electric field is radial and depends only on the distance r

The Gaussian surface is a sphere of radius 7.
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At every point on this surface:
v Eis radial
v' dS is also radial
v therefore E || dS

b) Total Flux:

qb:ﬁf-ﬁ:# E.dS ®=EXS, ® = E X 4mr?
)

¢) Enclosed charge :

If r<R:

Qenc=0

Application of Gauss’s Law :

#Eﬁ:zczm

If r>R:

Qenc = 0 Sspn = 0 4TR?

Application of Gauss’s Law :

#Eﬁ:mm

r
€o
, O 41T R?
E.4nr- =
€o
RZ
E(r) =
(r) &o 2
E(r) =01, r<R
- oR? _
E(r)=2£0r2 u, 7r>R

Note:
e Ifo > 0, the electric field is directed radially outward

e Ifo <0, the electric field is directed radially inward
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6. Spherical Volume Charge :

We consider a solid sphere of radius R, uniformly charged throughout its volume with a volume
charge density p > 0.
Because of spherical symmetry, the electric field is radial.
The Gaussian surface is a sphere of radius r.
At every point:
v E is radial
v dS is radial
v' therefore 8 = 0

Total Flux:
¢=#E-ﬁ=# E.dS d=EXS ® = E X 47mr>
S

Enclosed charge :

If r<R:
4 3
Qenc =P VSph " =P §TL’T
Application of Gauss’s Law : T _" >
/// \\\
/ \"-.,
# E . EI — Z Qenc I."'I R
£ | |
P 2
E.4mnr? = —3
€o
pr
E = ——
@) 3¢,
If r>R:

4 3
Qenc =p Vsph R =P §”R

Application of Gauss’s Law :
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p R®
E(r) =
(r) 3801"2
- pr _,
!E(r)zs—gour r<R
- . _ PR _,
kE(r)_SSOTZ u, 7r>R

Note:
v If p > 0, the electric field is directed radially outward
v If p < O\ the electric field is directed radially inward

Exercise:

Consider two infinitely long coaxial cylinders. The inner solid cylinder
of radius R; is uniformly charge with a volume charge density p. The
outer cylindrical shell of radius R> is uniformly charged with a surface
charge density o, with R2>R;.
1- Using Gauss’s law, determine the electric field E (r) in all
regions of space.

2- Deduce the electric potential V (r) up to an additive constant.

Solution:

1. Electric field:

Choice of Gaussian surface

We choose as a Gaussian surface a cylinder of radius 7 and
length L, coaxial with the uniformly charged cylinder, due

to cylindrical symmetry.

Total Flux:

do = d‘plateral + d(ptop + dd)bottom
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S1 S2 S3

Elds, _=0,
(ELdS,)

d>=# E)._d_fl # E.dS;cos(o) = E X S;
s1 s1

@ =E.2nrlL

Enclosed charge :

If r<R1:

Qenc = chy ™ = pnrzL

Application of Gauss’s Law :

€o
rilL
E.2nrl = P
€o
pr
E = —
(r) 20

If R, <r<Ry:

Qenc = chy (R1) = pﬂ'R%L

Application of Gauss’s Law :

#E.d—g:%

€o
mR2L

E.2nrL =PT1
&o

2

P R1

E =

() 2&q1
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If

r > Rz.'

Qenc =0 Scy (R2) t+p ch (R1)

Qenc = 0 21R,L + pRAL

Application of Gauss’s Law :

i

Z Qenc

&o

- —

E-dS =

0 2nR,L + pmR?L

Bl == N——"
0 i
20R, + pR?
E(r)=—— L -
() 2ggr
— pTr _,
( E(r) =—1, r <R,
2¢g,
Ea) =2 R R <r<R
r u r
3 Zegr T 1 2
_> 20R, + pR} _,
E(r) = u r>R
\ () 2&,T " 2
2. Electric potential V(r):
We use:
E= —gradV
Since the field is radial:
E(r)=——
) dr
So:
dV =—E(r)dr
Region 1: v < R4
- pr pr
E =— dV;=——d
1(r) 280 ‘ L 280 r
pr pr?
V. =—|—d =
1(1) fZSO r Vi(r) 4z, + (4
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Region 2: R, <r <R,

2
PRY P R?
E,(r) = av, = — d
(PR} _ pR}
V,(r) = 2eqr dr V,(r) = 2% Inr + C,
Region 3: r > R,
206 R, + pR? (20 R, +pr>
E-(1r) = aVv, = - | ————= | dr
20 R, + pR? 20 R, + pR?
V3(T‘) = - f <T’r1> dr V3(T’) = = (2—801 Inr + C3
( pr?
——480 +Cq
p R}
V(r) =4 —5—Inr+c
280 2
20 R, + pR}
\ 2&
Exercise2:

Consider a spherical shell centered at point O, with inner radius R; and outer radius R,, where R, >
R1 . The region between the two spheres is uniformly charged with a volume charge density p > 0,

while the inner region (r < R;) contains no charge.

1. Using Gauss’s theorem, determine the electric field E (r) in

all regions of space:
T<R1 ; R1<r<R2 ; T>R2

2. Deduce the expression of the electric potential V(r) in all

regions, up to an additive constant, using the relation:
E=-7V
Solution:

1. Electric field:

Choice of Gaussian surface B

~

as

We choose as a Gaussian surface a sphere of radius r, concentric with the charged
sphere, due to spherical symmetry.

The electric field is radial and depends only on the distance r
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Total Flux:

¢=#E-d_s’=# E.dS @ =EXS;
S

Region 1: r <R,

Qenc =0

Application of Gauss’s Law :

fz.as % Qenc

Region2: R, <r <R,

Qenc = P( Vsph ™ Vsph (Rl))

4

4 3 3
Qenc =P (511'1" —§1TR1)

4
Qenc =P §1t(r3 - R:)l,)

Application of Gauss’s Law :

€o
p =n(r®— R}
E.4mr? = —3
€o
r® —R3 R}
£y = P )_ P (Rl
3g,12 3g, r?
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Region3: 1r >R,

Qenc = P(Vsph r2) — Vsph r1))

4 3 4 3
Qenc =P (EnRZ - §1TR1>

E.4nr? =
€9
- (R3 — R}
)= 3go1?
( E(r)=0u, r < R,
p R}
<E(1")=§<T—r—2>€r R1<T<R2
0
- p(R;—R}) _,
\ E(r) = o u, T1>R,
0
2. Electric potential V(r):
We use:
E = —gradV
Since the field is radial:
av
E = ——
() .
So:
dV = —E(r)dr
Region 1: 7 < R4
pr
dV, = ——dr
E,(r) =0 2&
V]_(r) - —deT ‘ Vl(T') =C1
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Region 2: R; <r <R, ‘

p R} p R}
EZ(r)=3_80<r_T'_2> dV2=_3—80<1’—r—2 dr
_ P R? _ P, (1, R
V,(r) = 3€0J.<r r2>dr V,(r) = 2%, <2r + " + C,
3
P , PRy
V = - C
2() 6¢g 280T+ 2
Region 3: r > R,
p (R} - RY) p (R3 — RY)
= dVy = —|——————=d
E3(r) 3801"2 3 380’)"2 r
p (R3 —R}) R} —R}\( 1
Vs(r>=—f( . ) Vg(r)——p< ) (7) 6
2 3
_ pr°  pRy
Vs(r) = 65y 2€,T + G
Cl r < R1
2 3
pr°  pRy
— R r<R
V(r) = 6&o 2801‘ C2 1<T <X
p(R:—Ri)
r>R
3T > 2

5. Conductors in Electrostatic Equilibrium

5.1. Introduction

A conductor is a material that contains free charges, i.e., charges that can move easily under the

influence of an electric field.

Nature of free charges:

v In metallic materials: free charges are called conduction electrons (copper Cu, aluminum

Al, silver Ag)

v' Inionic solutions (electrolytes):free charges are called ions ( Na” Cl7; H* SO,2")
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Under the influence of an electric field, free charges move within a conductor and continue to do so
until an internal field is generated that cancels out the external field, reaching a state of stability
known as electrostatic equilibrium, where the net charge movement ceases.

5.2. Conductor in electrostatic equilibrium :

A conductor is in electrostatic equilibrium when its free charges are at rest and no electric force

causes further motion; therefore, the electric field inside the conductor is zero.

5.3. Properties of a conductor in equilibrium:

a) Electric field inside a conductor in electrostatic equilibrium :

z F = Finside = q Einsige = 0

I
=1

- Ein

b) Electric potential of a conductor in electrostatic equilibrium:

E = —grad Vi, = 0 - Vin = Constant

The electric potential is uniform throughout the conductor; it has the same value inside and on
the surface:

Vin = Vg = Constant

¢) Volume charge density of a conductor in electrostatic equilibrium:

= = T Y Qenc
Q)(E):#Einside'd‘s:_:() = Qenc=0

€o

- Qenc=fffpdv=0 - p=0

5.4. Electric Field near the Surface of a Charged Conductor in Electrostatic Equilibrium:

Let a conductor be in electrostatic equilibrium with a positive surface charge density o > 0.

Let M be a point located very close to the surface, just outside the conductor.

Electric field at point M:

By applying Gauss's Law and choosing a cylindrical Gaussian i
surface containing the point M, as shown in the figure, we obtain: Mo
d® = dPigtera + d(ptop + dPyottom I
- — s — s — (electrostatic equilibrium)
d) = # E.dSl +# E.dSZ +# E.dS3
51 52 53
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S1(lateral) S2(top) S3(bottom)

=0 (ElldS) L Zo0
EldS, (E=Ein=0)

b = # Eﬁl = # E.d51COS(0) =E X Sl(top)
S2 (top) S1(top) a
Sl(top) = SM = nrz

(D = E'Sl(top) = ESMI

oSy o
ESy=— —-» EM)=—
€o €o

Interpretation:
Charges redistribute on the surface such that:

e The internal field cancels (E = 0)

o The field exists only outside, giving the full value si
0

5.5. Electrostatic Pressure

When a conductor is charged, the charges on its surface repel each other. This repulsion creates a

force that tends to push the surface outward. This effect is describe as electrostatic pressure.

L _dlF|
ds
N N g
] = dal ] 44 = ods F= o

_ d||F|| _ dq||E|| _0dSE _odS(c/2g) o>

s ~ dS ds das 2¢g,

5.6. Electrical energy of a conductor in electrostatic equilibrium

The electrical energy of a charged conductor is the work required to charge it from zero to a charge

Q and potential V.
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Equivalent forms:

1 2
Q=cv W =—cv? v=2

Exercise:

Consider two conducting metallic spheres of radii R; and R,, carrying charges Q; and Q,,
respectively.

They are placed far enough apart so that their mutual influence can be neglect.
They are then connect by a conducting wire.

1. Discuss the potentials of the two spheres before and after the (connection).
2. Determine the final charges Q;' and @2’ on each sphere at electrostatic equilibrium.
3. Calculate the electrostatic energy of the system:

before the connection

after the connection

Given:
R1=0.25m , R2=0.05m, Q1 =1.5x10"%*C, Q2=0C

Solution :

1. Potentials before connection:

For an isolated conducting sphere of radius R carrying charge Q, the electric potential is:

For sphere 1: For sphere 2:
k
v, = Q1
o h=2%_ g
_ (9 x 109)(1.5 x 107%) 27 R,
e 0.25
V, = 54x 10°V

So, when the two spheres are connected by a conducting wire, electric charge flows from sphere 1

to sphere 2 until both spheres reach the same potential.

2. Final potential after connection

At equilibrium, the two connected conductors must have the same potential:

A k A
V’ =] le —D V’ = & —
Vi =v2 =V Ry R,
V'R, = kQj ... ...... (1) V'R, = kQ,....... (2)

55



The total charge is conserved during the connection:
Q1" + Q2" = Q1 + Q2
V'(R1+R2) = k(Q1 +Q3) — V'(R1+R2)=k(Q1+ Q2)
Thus:

, _k(Q1+Q2) 9x10°(1.5x107*+0)

=4 KV
R1+ R2 0.25 + 0.05 500
3. Final charges at electrostatic equilibrium:
Therefore: o .
V= R - Q1= k 2
' . 4.5x10°x0.05

,_ 45X 10°® x 0.25 Q) = 5100

! 9 x 10° , .

Q1= 125 x 107¢C Q= 25 x 107°C

4. Electrostatic energy of the system

Energy before connection :

The energy of a charged conducting sphere is:

1 1
Ui = 5(Q1V1+Q2V2) 25(1'5'10_4X5'4X1°6+0X0):405]

Energy after connection:

1 1
Uy = E(Q’ZV’2 +Q',V',) = 7% 5.4 x 10%(125.107° + 25.107%) = 337.5]J

AU=U; - U;=405-337.5=67.5]

The lost energy is dissipate mainly as heat in the conducting wire.
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6. Capacitors

6.1. Introduction
Capacitors are fundamental components in electronics and electrical engineering. They store

electrical energy and are used in many circuits (filtering, timing, energy storage, etc.).

6.2. Definition

A capacitor is a two-terminal device consisting of two conductive plates separated by an insulating

material called a dielectric.

6.3. Structure of a Capacitor
A capacitor consists of:

e Two metallic plates (conductors)

e An insulating material (air, paper, ceramic, plastic...)

6.4. Capacitance

Capacitance represents the ability of a capacitor to store electric charge.

Where: Factors affecting capacitance:

v" Plat f:
v C: capacitance (Farad, F) ate surlace area

v Q: charge (Coulomb, C)
v U: voltage (Volt, V)

v Distance between plates

v' Nature of the dielectric

6.5. Special Capacitors

a) Parallel-Plate Capacitor :

Consists of two parallel plates separated by a distance d.

_ EXS
Capacitance: C = d

Where:

v g permittivity of the dielectric

v S: plate surface area

v' d: distance between plates
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b) Cylindrical Capacitor

Formed by two coaxial cylinders with radii Rj and R».

) 2wel
Capacitance

Where:
e L:length of the cylinder

e & permittivity

¢) Spherical Capacitor

Formed by two concentric spheres with radii R1 and R2.

Capacitance : C =
3 Ry — Ry

6.6. Stored Energy:

A capacitor stores electrical energy.

6.7. Charging and Discharging :

In an RC circuit:

Charging:

The voltage gradually increases until it

reaches the supply voltage.

6.8. Capacitor Combinations:

1) Series

In(R2 / R1)

4-7T£R1 RZ

) R S S (R

E=>CV?

Discharging:

The voltage gradually decreases.

Time constant:

vt represents the speed of charging/discharging
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2) Parallel Ll

ICeq = C1 + C2+..)

6.9. Types of Capacitors:

Ceramic capacitors

Electrolytic capacitors

fmmc

Film capacitors

S SN«

Tantalum capacitors

6.10. Applications:

1) Signal filtering

Trimmer Capacitor
(Variablo)

2) Voltage stabilization
3) Timing circuits (RC circuits)
4) Energy storage

5) Oscillating circuits

Exercisel: ( Parallel-Plate Capacitor)

A parallel-plate capacitor is made of two metallic plates of area S = 0.02 m

Electrolytic Capacitor Ceramic Capacitor Film Capacitor Film Capacitor
(Polarized) (Disk) (Polyester) {Poiypropylene)

s lultilayer Ceramic
upercapacitor athod

Variable Air Capacitor Mica Capacitor Paper Capacitor

2 separated by a distance

d = 2 mm. The space between the plates is filled with air of permittivity &, = 8.85 X 10712 F /m.

- Calculate the capacitance C of the capacitor.
Solution:

2mm = 2 X 1073 m, g = 885 x 107 F/m
&y X S

S = 0.02m? d

Substitution:

(885 x 1072 x 0.02)
B 2 x 1073
0.02 o
= 5002 8.85 x 10~

C =885 % 1072 x 10 = 8.85 x 107 ' F
C = 88.5pF
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Exercise2: ( Cylindrical Capacitor)

A cylindrical capacitor consists of two coaxial conducting cylinders. The inner cylinder has a radius
Ri=1 cm, while the outer cylinder has a radius R>=3 cm. The length of the capacitor is L=20 cm, and
the space between the cylinders is filled with air.

Calculate the capacitance C of the capacitor
Solution:

Ry = 0.01m,R, = 0.03m,L = 0.2m

2w &y L
~ In(R,/R:
l (RZ) = 1 (0'03 ) =In3=1.0986
&) T "™\oo1) T+
Substitution:
(2r x 8.85 x 107 x 0.2) 1.2566 x 8.85 x 10712
C = 303 = 10986 =1.01 x 10°1'F
n (o1 ) |
0.01
C = 10.1pF

Exercise3: ( Spherical Capacitor)

Two concentric conducting spheres form a spherical capacitor. The inner sphere has a radius

R1=5 cm, and the outer sphere has a radius R>=10 cm. The region between them filled with air.

Find the capacitance C of the capacitor

Solution:

Ry = 0.05m,R, = 01m
R, — R,
Substitution:

- (4m x 8.85 x 107% x 0.05 x 0.1) _ 0.005
- 0.1 — 0.05 ~0.05

X 41 X 8.85 x 10712

C ~ 111 x 100" F = 11.1 pF
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Exercise4: (Capacitor Combination)

Three capacitors are connected as follows:

C; = 4 uF and C, = 6 uF are connected in parallel “ _g :I:“F C3=3pF
This parallel combination is connected in series b F ;II
with a third capacitor C3 = 3 uF li' %
1. Calculate the equivalent capacitance of the g =G pF
parallel part % B
2. Deduce the total equivalent capacitance v =| |12 v

Ceq

3. Ifavoltage V = 12V is applied across the whole circuit, determine the total charge Q.
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Chapter lll : Electrokinetics

1. Introduction :

Electrokinetics is the branch of physics that studies the motion of electric charges in conductors and
the operation of electrical circuits. It is based on fundamental laws such as Ohm’s law, Joule’s law,

and Kirchhoff’s laws, which rely on the conservation of electric charge and energy.

2. Electrical Conductor :

An electrical conductor is a material in which electric charges can move under the action of an electric

field. In metallic conductors, the mobile charges are mainly free electrons.

A conductor is therefore characterizing by the existence of charge carriers that are able to move
through the material when a potential difference is applied.

Examples

Common examples of conductors include copper, aluminum, iron, and other metals.

3. Origin of Electric Current :

The electric current originates from the motion of electric charges under the effect of a potential

difference, also called voltage.
When a voltage is applied between two points of a conductor, an electric field appears inside the
conductor. This field exerts an electric force on the charges:
F=qE

where:

e F:is the electric force, measured in newtons (N)

e q: is the electric charge, measured in coulombs (C)

e E: is the electric field, measured in newtons per coulomb (N/C) or volts per meter (V/m)
Inside a metallic conductor, electrons already have random thermal motion. Under the action of the
electric field, they acquire a small average motion called drift velocity. This organized motion of

charges creates the electric current.

4. Conventional Direction of Current :

The conventional direction of current is defined as the direction of motion of positive charges.

Therefore:
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e Conventional current direction: from the positive terminal to the negative terminal.
e Real electron motion in metals: from the negative terminal to the positive terminal.

This convention is used in circuit analysis even though electrons move in the opposite direction.

5. Electric Current Intensity :

The electric current intensity is the amount of electric charge passing through a cross-section of a

conductor per unit time.

It measures the rate of flow of electric charge.

_4q

=

where:
e I: is the current intensity, measured in amperes (A),(1 A =1 C/s)
e dq: is the infinitesimal amount of charge, measured in coulombs (C),

e dt: is the infinitesimal time interval, measured in seconds (s).

This means that a current of one ampere corresponds to one coulomb of charge crossing a section of

the conductor every second.

6. Current Density :

The current density is a vector quantity that describes the distribution of electric current inside a
conductor. It represents the current flowing per unit area through a surface perpendicular to the

direction of current.

=)

S~
Il

M|~

where:
o j: is the current density, measured in ( A/m? ),
e [I: is the current intensity, measured in amperes (A)
e S:is the cross-sectional area, measured in square meters (m?)

e T:is aunit vector normal to the surface.

For a uniform conductor, the magnitude of current density is:

Example:
If I = 4 A flows through a section S = 2 X 10~* m?, then:

|

=< =-———=2X10*4/m?
J=5=210¢ /m
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7. Ohm’s Law :

Ohm’s law is a fundamental law of electrokinetics. It states that, for an ohmic conductor, the voltage
across its terminals is proportional to the current passing through it.
V =RI

where:

e V:is the voltage, measured in volts (V),

e I: is the current intensity, measured in amperes (A),

e R: s the electrical resistance, measured in ohms (Q).
The resistance expresses the opposition of a conductor to the flow of electric current. A larger

resistance means a smaller current for the same applied voltage.

Resistance of a Uniform Conductor:

For a conductor of length L, cross-sectional area S, and resistivity p:

L
R:p§

where:
e p:resistivity of the material, measured in (2m)
e L: length of the conductor, measured in meters (m)
o S: cross-sectional area, measured in (m?)
Example:
IfR=10Qand I = 2 A, then:
V=RI=10x2=20V

8. Joule’s Law :

Joule’s law describes the transformation of electrical energy into thermal energy when an electric
current flows through a resistor.
where:

e Pj:Joule power dissipated as heat, measured in watts (W)

e R: resistance, measured in ohms (£2)

e [: current intensity, measured in amperes (A)

Energy Dissipated:

If the current flows during a time t, the thermal energy dissipated is:

where:
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o E;: dissipated energy, measured in joules (J)

e t: time, measured in seconds (s)
Note: Joule’s law is mainly applied to resistors, where electrical energy is dissipated as heat.

Example: ‘ Pp=RI*=5x3*=45W

IfR=5Q0,1=3A,andt = 105, then: ‘E}zRﬂt=5x32x10=450V

9. Electrical Power :

The electrical power is the amount of electrical energy exchanged or converted by a dipole per unit
time.

P=VI
where:

o P: electrical power, measured in watts (W)

U: voltage across the dipole, measured in volts (V)

I: current through the dipole, measured in amperes (A)

E: electrical energy, measured in joules (J)

t: time, measured in seconds (s)

v Power in a Resistor:
. , _ P = RI?
For a resistor, using Ohm’s law V' = RI, we obtain:
v" Power of a Generator:
For a real generator with electromotive force E and internal resistance r, P =EI
the total power produced is:

10. Electrical Circuits :

An electrical circuit is a set of connected electrical components forming one or more closed paths
through which electric current can flow.

v Generator:
A generator is an active dipole that supplies electrical energy to a circuit by maintaining a potential
difference between its terminals.
It converts another form of energy, such as chemical, mechanical, or solar energy, into electrical
energy.

v" Electromotive Force:

The electromotive force, denoted by E, is the voltage provided by a generator when no current flows
through it. It represents the ability of the generator to set electric charges in motion.

For a real generator with internal resistance r, the terminal voltage is:
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where:
e V:terminal voltage (V)
¢ E: electromotive force (V)
e 1:internal resistance (€2)

e I current intensity (A)

Example
KFE=9V,r=050,andl =2A,then:V=FE—-1r[=9—-05%x2=8V
v Receiver
A receiver is a dipole that absorbs electrical energy and transforms it into another form of energy,
such as thermal, mechanical, chemical, or light energy.
Examples:
Electric motor, lamp, resistor, battery during charging.

v" Counter-Electromotive Force

Some receivers, such as electric motors, develop a counter-electromotive force, denoted by E’, which
opposes the applied voltage and the current.
For a receiver with internal resistance r, the voltage across its terminals is:
where:
e V:voltage across the receiver (V)
e E': counter-electromotive force (V)
e 1 internal resistance (£2)
e I: current intensity (A)

Here, E' corresponds to the useful energy conversion, for example mechanical energy in a motor.

Example:
IfE'=6V,r=2Q,and1 =3A,then:V=E'"+r[=9+2x3 =15V

11. Association of Resistors

The association of resistors consists of replacing a group of resistors by a single equivalent resistance

that has the same electrical effect on the circuit.

a) Resistors in Series:
Resistors are connecte in series when they are traversed by the same current.

For n resistors in series:

| Req=R,+ R, +Rs+...4R, |
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where:

e Req: equivalent resistance (€2)

e Riy,Rz,.. Ry : individual resistances (£2)
The equivalent resistance is greater than each individual resistance.
Example:

If Ri=2 Q, R>=3Q, and R3=5Q in series, then: R,; =2+ 3+ 5 =100
b) Resistors in Parallel:

Resistors are connect in parallel when they have the same voltage across their terminals.

For n resistors in parallel:

1 —1+1+1+ +1
Req R, R, R, R,

The equivalent resistance is smaller than the smallest individual resistance.

Example:

If Ry = 60 and R, = 3} in parallel, then:

1 1+1 1+1 3 R 20
= — —_— - _= — =
R, Ry R, 6 3 6 q
12. Kirchhoff’s Laws

Kirchhoff’s laws are fundamental laws used to analyze electrical circuits. They are based on two
physical principles:
e conservation of electric charge

e conservation of energy

12.1. Basic Circuit Terms :

o Node: a point where three or more branches meet.
e Branch: a part of a circuit between two nodes, containing one or more dipoles.
e Loop: a closed path in an electrical circuit.

e Circuit: a complete network of connected dipoles allowing current flow.
12.2. Kirchhoff’s Current Law: Node Law:

The node law, also called Kirchhoff’s current law (KCL), states that at any node of a circuit, the sum

of currents entering the node is equal to the sum of currents leaving it.

zlin = zlout
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12.3. Kirchhoff’s Voltage Law: Loop Law:

The loop law, also called Kirchhoff’s voltage law (KVL), states that in any closed loop of a circuit,

the algebraic sum of voltages is equal to zero.

ZVzO

This law is a consequence of the conservation of energy. When a charge completes a closed loop,

the total energy gained is equal to the total energy lost.

Exercisel:

A generator with an electromotive force E=24 V and an internal resistance r=1 () is connected to an

electrical circuit composed of several resistors, as

shown in the figure. The circuit contains two resistors, 4{£|_

R1=4() and R2=6(), connected in series. This series Dl l1C
association 1is followed by a parallel combination :!R‘*

formed by the resistors R3=5() and Rs=10Q,

connected between the junction points C and D. R, R,
The current supplied by the generator passes through

the series resistors before splitting between the two (reenmme oo .

branches of the parallel network and recombining A ; J'i 8
afterward. l

1. Determine the equivalent resistance of the parallel combination formed by R3 and R4.

2. Deduce the total equivalent resistance of the external circuit.

3. Calculate the total current supplied by the generator, taking into account the internal resistance r.
4. Determine the voltage drop across each resistor.

5. Calculate the current flowing through each branch of the parallel circuit.

6. Determine the electrical power dissipated in each resistor.

7. Calculate the power supplied by the generator and compare it with the total Joule power dissipated

in the circuit.
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Solution:

1. Equivalent resistance of the = RZ I Ry,
parallel combination (R3,R4): : . . -
1 — 3 |1 IJ l’
1 1 1 1 1 3
—_—t— =4 — = — R1|:| [:|Rz
R34 R3 R4_ 5 10 10 B Ry
- R3y=333¢ |
4 —{ 1 i B 4 g i}
2. Total equivalent resistance of i \ b 2] }
the external circuit: . > R
R,y = R14R;+R3, =4+ 6+ 3.33 =13.3312 ,l l,
3. Total current supplied by the generator: R, H H R,
The total resistance including the internal resistance is:
Riotat = Reqger = 13.33+1=14.3310 4 — ’IE B
E 24 ’
I ~ 1.67A

" Rt 14:33
4. Voltage drop across each resistor:

For R;:

Vi=RI=167X%X4=668V
For Ro:

V, = R,I =1.67 X6 =10.02V
For the parallel branch:

Vep = Rasl = 1.67 X 3.33 = 5.56V

Since R3 and R4 are in parallel:
V3 == V4_ == VCD == 556V

5. Current flowing through each branch of the parallel circuit:
For R3:

V3

I; = — =55.56 =1.114

R;

For Ry:

V,
I, = R—‘* = 105.56 = 0.564

4

6. Electrical power dissipated in each resistor:
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For Ri:
P, =R, X 112 =4 X (1.67)2 =11.16W

For Ra:

P, =R, X1 = 6 X (1.67)% = 16.74W
For Ra:

P; = Ry X 12 =5x (1.11)%2 = 6.16W
For Ry:

7. The power supplied by the generator :

Pyenerator = E X1

Pyenerator = 24 X 1.67 ~ 40.08 W
The power dissipated by the internal resistance is:

P.=71I* =1x(1.67) = 2.79W
The total Joule power dissipated in all resistors is:

Pp=P +P,+P;+P, + 5
P, =11.16 +16.74 + 6.16 + 3.14 + 2.79 =~ 40W
Therefore,
Pyenerator = P

The small difference is due to rounding.
Hence, the power supplied by the generator is approximately equal to the total Joule power dissipated

in all resistors, including the internal resistance of the generator.

Exercise2:

Consider the electrical circuit shown in the figure. The circuit consists of two ideal generators and

three resistors connected in three different branches between the two nodes A and B. The left branch

. : I A I
contains a generator of electromotive force : * -

E1=18YV connected in series with a resistor Ri=4(). I,

The middle branch contains a resistor R2=6(,

while the right branch contains a generator of R, R, A
=40 =60 =80
electromotive force E2=12V connected in series
with a resistor R3=8Q. + +
E, E,
=IRVE] = =] 12V
1. Determine the number of nodes in the
circuit, the number of branches, and the B

number of independent and non-independent meshes.

73



Apply Kirchhoff’s current law (KCL) at node A.

Establish the system of equations governing the currents I1, I2, and Is.

A

Determine the values of the currents I1, Iz, and Is.

Solution

1. Nodes, branches, and meshes

The circuit has two nodes: N = 2
The circuit has three branches: B = 3
The number of independent meshes is: Mj,g =B—-—N+1=3-2+1=72

There are 2 independent meshes and 1 non-independent mesh.

2. Kirchhoff’s current law at node A

Since I and Iz enter node A, while I, leaves node A:

11 + 13 - IZ T (1)

3. Kirchhoff’s voltage law

Apply Kirchhoff’s voltage law (KVL) to the left mesh and then to the right mesh.

For the left mesh:
El - R1]1 - Rzlz = O
18 -4, —6l,=0= 4, +6I, =18 ... ...........(2)
For the right mesh:
EZ —_— R313 - Rzlz = 0
12-8l3—-6l, =0 = 6[,+8;=12.............(3)
2)= 4L +6(;+13) =18=10I; + 613 =18 ...........(4)
B) = 6(+L)+8l;=12=>6I; +14I3; =12 ..........(5)
10I, + 6I; =18 ..........(4) 51, +3I3=9.......(4) _3x(5I1+3I3=9.......(4)
— —
6I, +14I; =12 ..........(5) 3I, +7I3=6.........(5) 5x (3I;+7I3=6........(5)
—151; — 913 = =27 .........(6)
151; + 3513, =30............(7)

(6)+(7) = —15I, — 915 + 151, + 35I; = —27 + 30

3
20l;=3 = I3=—-=0.1154
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9-3L 9-3x0.115
5 5
(1) =1, =1, +I; =171+ 0.15 = 1.8464

4) oI, = =1.7314

I,=1.714, 1,=1.86A4, 1I3=0.154

Exercise 3 :

Consider the electrical circuit shown in the figure.

The circuit contains five resistors and two ideal

generators. The resistors R1 and R4 have the same
resistance Ry = R4 = 5 Q, while the resistors R, and
Rs have the same resistance R = Rs = 10 Q. The
resistor Rz has a resistance R3 =20 Q. The circuit also
contains two generators of electromotive forces E; =

10 V and E; = 15 V. The currents flowing through

the different branches are denoting by I, I, and Is.

1. Determine the number of nodes, branches, and meshes in the circuit.

2. Calculate the currents flowing through the different branches (11, 12, I3).

3. Determine the potential difference: Vg — Vp.

4. Calculate the power supplied by the two generators and the power dissipated in each resistor.

5. Determine the equivalent resistances of the resistor combinations (R2, Rs) and (R, R4).

Solution:

1. The number of nodes, branches, and meshes in the circuit

The circuit has two nodes: N = 2
The circuit has three branches: B = 3

The number of independent meshes is: Mj,g =B—-—N+1=3-2+1=2

2. The currents flowing through the different branches (I;, Io, I3)

Law of nodes :

Law of meshes:

Mesh 1 :

(R4 +R1)Il +R3I3 _El == 0 —> 10[1 + 2013 = 10
Il+213 :1_{)11+2(11+12):1

31+ 20 = Leeeeeeeeeeeenen. Q)

75



Mesh 2 :
(RS + R4)12 + R3I3 - EZ ES O - 2012 + 2013 == 15

ALy + 415 = e, 3)
{—4 X Bh+ 2l =1) i (2) {—1211 8l = s (4)

D+0B) o -8 =-1

I,="2=0125A
-8

2) & I,= 1‘23’1 = 0.3125A

(1)  13=0.125+0.3125=0.43754

3. Determine the potential difference: Vs — Vp

Vg — Vp = Ryls=201,= 20x0.4375 = 8.75 V

4. The power supplied by the two generators and the power dissipated in each resistor

Prgy = E1.;=10x0.125=125 W
Prgy = E5. [,=15x0.3125 = 4.687 W
Pyis r1 = RiI? =5%0.125°=0.078 W
Pyis ra = R4I? =5%0.125*=0.078 W

Pais r2 = Rp13=10x0.31252=0.976 W

Pais rs = RsI3=10x0.31252=0.976 W

Pais r3 = R312=20x0.4375>=3.828 W

5. The equivalent resistances of the resistor combinations (R>, Rs) and (R, R4)

) RZ/5=R2+R5=10+10=20.Q
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Exercised:

Consider the electrical circuit shown in the figure. The circuit contains four resistors and two ideal

generators. The resistor values are: Ry = 20,R, = 40,R; =6Q,R, =2 1)

The electromotive forces of the generators are: R, I, A I

E, =12V, E, =18V

The currents flowing through the different branches of the
circuit are denoted by I, Iz, and I3, and their directions are

indicated in the figure.

1. Determine the number of nodes, branches, and
independent meshes in the circuit.

2. Calculate the electric currents I, I>, and I3 flowing through the different branches.

3. Determine the potential difference: Vg — V,

4. Determine the total power supplied by the generators Pr and the total power dissipated by the

resistors P4. Compare the two quantities and state your conclusion.

Solution:

1. The number of nodes, branches, and meshes in the circuit

The circuit has two nodes: N = 2
The circuit has three branches: B = 3

The number of independent meshes is: Mj,g =B—-—N+1=3-2+1=72

2. The currents flowing through the different branches (11, I, I3)

Kirchhoff’s current law at node A:

Kirchhoff’s voltage law :
Mesh 1 :
(R4_ + Rl)Il + R313 - El - O — 411 + 6[3 = 12

1011 + 612 =12 iiiieiiieniiiieens (2)

Mesh 2 :
Rzlz + R3I3 - Ez = O - 4'[2 + 613 = 18 - 4'[2 + 6(11 + 12) = 18

611 + 1012 E3 L (3)
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{ (101 + 61, =12) v (D) { 5L 43l = 6 e e e (4)

61, + 101, = 18 v vvs e s (3) 3L, +5L,=9 e eee e (5)
{ 3% (511 43l = 6) v (8 { 150, 4 90y = 18 e s eee e ere erns o (6)
5 X (Bl 45l =9) oo (5) A\ =15I — 25, = —45 o e e (7)

6)+ (7)) ® —-161, = -27

I, ==-=169 A

(5) & I, = 9‘35'2 =0.18A

(1) © I;=1.69+0.18=1.874

3. Determine the potential difference: Vg — Vy

Vg — Vo = —Rsl; = —6 x 1.87 = —=11.22V

4. The power supplied by the two generators and the power dissipated in each resistor

Pz = E;. I;=12x0.18 =2.16 W
Pg; = E,. 1,=18x1.69 = 30.42 W
Pr; = R{IZ =2x0.18%=0.065 W
Pry = R, 1?2 =2x0.18%=0.065 W
Pry = R,13=4x1.69>=11.42 W
Prs = R3I2=6x1.87=20.98 W

Py = Ppy + Pgy + Pg3 + Py = 32.625W

Pf = Pg1 + Pgp = 32.625W
P =P,

The total power supplied by the generators is equal to the total power dissipated by the resistors, which

confirms the conservation of energy in the electrical circuit.
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Glossary Tables for Chapter III: Electrokinetics
A8 atall gl ygSlr G ) gaall clallaas

English Y
Alternating current o gl s
Ammeter i al
Branch gA
Conductance Al <Y At
Conductivity Al HeSt Alia gal)

Conventional current direction

SFCTAUS IR

Current density Dl 48l
Current intensity el lall sak
Direct current e L
Electric charge Al HeSU A i)
Electric current e Ll
Electrical circuit a0l S 3yl
Electrical conductor heS Jil
Electrical energy Al HeSl) Aal)
Electrical power A9l yeSl) dethainy)
Electrokinetics S Hall el yeSU)
Electromotive force A1l yeSl) 4S jaall 3 gall
Equivalent resistance 2581l A 5laal)
Fuse SRS eas
Generator heS A e
Internal resistance aala)all A slaal)
Joule effect Jsa il
Joule's law Jsa o8
Kirchhoff's current law <l Hlall (o gl S o 58
Kirchhoff's laws o gl S il 8
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Kirchhoff's voltage law <l i gill (o g S (o oil8
Loop / Mesh dala
Node Ba3c
Node law all o) 308
Ohm's law as) Ol
Open circuit da giaByla
Origin of electric current el L
Parallel association S s e Jauass
Potential difference OSI (5 8
Power dissipation AcUainy) uay
Receiver S Jiina
Resistance A0l Sl Ak glaal)
Resistor A0l jeS Al glaa
Series association Jubedl) e Jua g
Short circuit 5 yual 5l
Terminal voltage byl 3 gl
Voltage P ERVINI Pl
Voltmeter e Jal o8
Wattmeter Skl
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Chapter |V: Electromagnetism

1. Introduction:

Electromagnetism is one of the fundamental branches of physics. It studies the relationship between
electricity and magnetism.
Electric charges in motion produce magnetic fields and magnetic fields can influence moving charges.
Electromagnetism has many applications in modern life:

e Electric motors

o Generators

e Transformers

e Magnetic resonance imaging (MRI)

e Loudspeakers

e Wireless communication

2. Definition of a Magnetic Field:

A magnetic field is a region of space where magnetic forces can Sl

field lines emerge from N
and enter S.

be detect. It produced by permanent magnets, electric currents,

and moving electric charges.
The magnetic field represented by the vector B and its SI unit is

the tesla (T).

Inside the magnet:
field lines return

Properties of Magnetic Field Lines: from S to .
v They emerge from the North Pole and enter the South Pole.
v" They never intersect.
v" Their density indicates the intensity of the field.
v

Inside a magnet, the lines return from South to North.

Magnetic Field from Other Sources:

TI
a) Current-Carrying Wire: B
The magnetic field around a straight current-carrying wire forms @5‘@)

concentric circles around the wire.

The direction of the field determined by the right-hand rule.

Magnetic field around a straight conductor:
Uol
B =
2nr

Where:
e B : magnetic field intensity (tesla, T)

82



Lo : permeability of vacuum = 471 x 1077 T-m/A
e [:electric current intensity (ampere, A)
e 1 :distance from the conductor (meter, m)

b) Solenoid: AAAAAAA
A solenoid produces a magnetic field similar to that of a bar magnet. . SSSSSs

Inside the solenoid, the magnetic field is strong and nearly uniform. e

15>

<
<
<
<
<
<
<
<
C I
-l

3. Lorentz Force:

The Lorentz force is the force experienced by a charged particle
moving in a magnetic field.

It acts perpendicular to both the particle’s velocity and the magnetic
field direction.

The vector form of the Lorentz force is:

Its magnitude is:

Where:

F = q(¥ x B)

F = quBsin@

F: Lorentz force
q: electric charge
v: particle velocity

B: magnetic field intensity

0: angle between ¥ and B’

The direction of the force is determined using the right-hand rule.

4. Laplace Law:

The Laplace force is the magnetic force exerted on a current-

carrying conductor placed inside a magnetic field.

This force acts perpendicular to both the direction of the electric

current and the magnetic field.

The vector form of Laplace force is:

F=I(LxB)
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I

(Current)

Where:
. F: Laplace force
I:

. electric current intensity

(Magnetic field)

e L: length and direction of the conductor

—

e B:magnetic field intensity

Magnitude of the Laplace Force: tFored
F = BILsin(0)

Where:
o F: Laplace force (N)
o B: magnetic field intensity (T)

o [: electric current intensity (A)

L: length of the conductor inside the magnetic field (m)

0: angle between the current direction and the magnetic field

Note:
- The force is maximum when the conductor is perpendicular to the magnetic field(6 = 90°).
- The force becomes zero when the conductor is parallel to the magnetic field.

Applications :

1. Electric motors

2. Loudspeakers

3. Electromagnetic relays

4. Moving-coil measuring devices

5. Magnetic cranes for lifting metals

5. Faraday’s Law of Electromagnetic Induction:

Faraday’s law states that an electromotive force (emf) induced in a conductor whenever the magnetic

flux through it changes with time.

B
The mathematical expression of Faraday’s law is: . —
N T
do 1] @
&E= —— —
dt S .
Where: Magnet -
X . X moving -
v g:induced electromotive force (emf) in volts (V) f / )
—%
v" ®: magnetic flux in weber (Wb) I =
Induced emf
£

v' t: time in seconds (s)
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Note:

The negative sign indicates Lenz’s law, meaning that the induced current opposes the change in

magnetic flux that produced it.

Applications :
1. Electric generators
2. Transformers
3. Induction cookers
4. Wireless charging systems

5. Bicycle dynamos

6. Biot-Savart Law:

The Biot—Savart law describes the magnetic field produced by a small element of a current-carrying

conductor.

It allows the calculation of the magnetic field at any point in

A

space generated by electric currents. K
I

The mathematical expression of the law is:

dB
Using the right-hand rule:
Where: dl (up) x F (right)
- = dB (into the page)
v dB: elementary magnetic field (T)

v uo: permeability of vacuum

v I: electric current intensity (A)
v odh: elementary length vector of the conductor (m)
v T: vector from the current element to the observation point
v' 1: distance between the current element and the observation point
Note :
e The direction of the magnetic field is determined using the right-hand rule.
o The magnetic field is perpendicular to both dl and 7.
e This law mainly used to calculate magnetic fields generated by wires, circular loops, and
complex current distributions.
Applications :
1. Magnetic field calculation around conductors
2. Electromagnets
3. Circular current loops

4. Magnetic devices and sensors
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7. Magnetic Dipole Moment:

A magnetic dipole is a system that produces a magnetic field similar to that of a small magnet.

A current-carrying loop behaves like a magnetic dipole and characterized by its magnetic dipole

moment.
The magnetic dipole moment is given by: =
I"’ Direction of ﬁ
(Normal to the plane
of the loop)
Where:

v u: magnetic dipole moment (A-m?)

v' N: number of turns of the coil

v I electric current intensity (A) Y .
v" S: surface area of the loop (m?)
Note :
e The direction of the magnetic dipole moment is determined using the right-hand rule.
o Increasing the current, the number of turns, or the loop area increases the magnetic dipole

moment.

Applications :
1. Electric motors
2. Galvanometers
3. Electromagnets
4. Magnetic sensors

5. Compasses and magnetic devices

Exercise 1:

A long straight conductor carries an electric current of intensity: I = 8 A
We want to study the magnetic field created around the wire at a ) Al
point located 4 cm from the conductor.

Calculate the magnetic field intensity at this point. <

Given:

o =4m x 1077 T-m/A

Soplution :
I
B = Ho
27r
r=4cm
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_4mx1077 x 8
T 2w x 0.04

B=4x10"5T

Exercise 2 :

An electron moves inside a magnetic field with a velocity of 2 X 106 m/s?

B (into the page)
The velocity is perpendicular to a magnetic field of intensity: 0.3 T

1. Calculate the magnitude of the Lorentz force acting on the x x x x
electron. X X @Wv

2. Determine the direction of the force using the right-hand rule, >x x X X
taking into account that the electron has a negative charge.

Given:e=1.6 x1071°C

Solution
F = quBsin0
Since the velocity is perpendicular to the magnetic field:
0 =90°,sin°=1
F=16x10"1%x2x106x 0.3
F=9.6Xx N

Because the particle is an electron, the force direction is opposite to the right-hand rule.

Exercise 3 :

A straight conductor of length 15 cm 1s placed inside a uniform magnetic field of intensity B = 0.4 T

The conductor carries an electric current of intensity [ = 3 A

\
e~ 1l

The conductor is perpendicular to the magnetic field. PN -

1. Calculate the magnitude of the Laplace force

acting on the conductor. e I

2. Determine the direction of the force using the &

right-hand rule. -

3. What happens to the force if the conductor

becomes parallel to the magnetic field?

Solution
F = BlLsin6
L=15cm =0.15m
F=04x%x3x%x015x%x1
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F=0.18N
If the conductor becomes parallel to the magnetic field:

0 =0°sin0°=0

So:

Exercise 4:

The magnetic flux through a coil changes from 0.12 Wb to 0.03 Wb

during a time interval of 0.2 s

Calculate the induced electromotive force (emf).

1. Does the magnetic flux increase or decrease?

2. According to Lenz’s law, what is the direction of the induced \

current relative to the change in flux?

Solution:

AD
&=

AP = of —Pi =0.03—-0.12 = -0.09Wbh
e=0.45V

The magnetic flux decreases.

According to Lenz’s law, the induced current creates a magnetic field that opposes this decrease.

Exercise 5:

A circular coil consists of 100100100 turns and carries an electric current of intensity I = 0.5 A.
The area of each turn is 0.01 m? .
1. Calculate the magnetic dipole moment of the coil.

2. Explain how the magnetic dipole moment can be

increase.
Solution:
u=NIS
u=100x0.5x%x0.01
u=0.54-m?

The magnetic dipole moment can be increased by:

- Increasing the number of turns N
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- Increasing the current I
- Increasing the surface area S

Exercise 6:

Consider a small current element of a conductor carrying an electric
This element produces a small magnetic field at a point in space.
The magnetic field is given by:
o IdIx7)
dB=—>—_ "~
T 713

1. Explain the meaning of each symbol in the equation.

current.

2. What factors affect the magnitude of the magnetic field dB?
3. How can the direction of the magnetic field be determined?
4. What happens to the magnetic field when the distance between the current element and the
observation point increases?
Solution:

o I(di x 7)

dB =
13

N

The magnetic field depends on:

- Current intensity [

- Length element dl

- Distance r
- Angle between dl and 7
The direction of dB is determined by the right-hand rule for the cross product:
dl x 7

When the distance r increases, the magnetic field decreases.
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Glossary Tables for Chapter I1V: Electromagnetism
dnnlaliza g <t &I A el clallias

English Y
Angle i)
Biot-Savart law il gu o 48
Charged particle BNV PUNEN
Compass Lap
Conductor length Jaull J gha
Current element O paic
Current-carrying wire Dl Jals el
Distance from conductor JAL ce sl
Distance vector Aldl g la
Electric generator heS A g
Electric motor S d e
Electromagnetic induction (uhaling g <l Caal)
Electromagnetic relay (onbaling 5 568 sy
Electromagnetic wave Lplaline 5 S 4a 50
Electromagnetism donkaling g Sl
Elementary length vector S raic Jshglad
Elementary magnetic field g raic (ouphline Jia
Faraday's law sl a5l
Galvanometer e gilale
Hall effect Jsa s

Induced current

Giase L

Induced electromotive force

Tinwal) 2 ,e<I) Aad)a) 5 all

Inductance S g il
Laplace force oY 368
Lenz's law Al eld
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Loop area dalal) dalise
Lorentz force BUETIRY
Loudspeaker G pa pSa
Magnetic dipole (oubling alad U
Magnetic dipole moment ) U sdaliad) o 3all
Magnetic field (bl Jaal)
Magnetic field around straight wire pafinse Sl Jga  puspdalinall Jlaal)
Magnetic field lines (mublinal Jaall Lo glad
Magnetic flux (muhalinall 3axil)
Magnetic permeability dnhalizall 400
Magnetization idaieall
Magnitude of force 5 gall 3a
Moving charges A8 aie cliad
Mutual inductance Jaliiall (ay yaiill
North pole el uladl)
Number of turns colalll aae
Observation point ddas Okl ddass
Permanent magnet aila Guplaliza
Permeability of vacuum ABOIE SN
Right-hand rule el 2l 3ac 1@
Solenoid Qe
South pole i) aladl)
Tesla p W
Transformer LS Jsae
Uniform magnetic field aliiia nhline Jaa
Vector product el elaall
Velocity ic yull
Weber By
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