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Introduction

Complex analysis is a profound and elegant branch of mathematics that explores func-
tions of complex variables. At its heart lies the idea that functions can behave in
strikingly rich ways when their inputs are allowed to move beyond the real number line
and into the complex plane.

From its origins in solving polynomial equations to its applications in physics, engi-
neering, and number theory, complex analysis offers tools that are both theoretical and
practical. Concepts such as holomorphic functions, contour integration, and conformal
mappings reveal not just new methods of solving problems, but also new ways of seeing
mathematical structures.

This handout provides a structured introduction to the fundamental concepts of com-
plex analysis. Beginning with a review of complex numbers, it gradually builds up to
core topics such as differentiability, analyticity, and the foundational Cauchy-Riemann
equations. Through these themes, students will gain insight into the elegant struc-
ture and far-reaching applications that make complex analysis a central pillar of higher
mathematics.

The course is designed for students in mathematics and the sciences who are being
introduced to complex variable theory for the first time. It is particularly well-suited
for second-year undergraduate students enrolled in the fourth semester of a Bachelor of
Science and Technology (L.2S4) program. Students from other disciplines or preparatory
classes will also find the content good, with clear phrasing.

To keep the focus clear and practical, we present key results and computational tech-
niques without formal proofs. The goal is to offer an efficient pathway to understanding
and application. The material is organized as follows:

In Chapter 1, we introduce fundamental definitions and properties of complex numbers
and functions. This includes an overview of complex arithmetic and the basic concepts
that underpin complex analysis. We then explore the notion of holomorphic functions,
highlighting their key properties and significance.

Chapter 2 focuses on power series and their convergence. We examine how holo-
morphic functions can be expressed as power series within their radius of convergence,
establishing a deep connection between analyticity and holomorphy.



In Chapter 3, we study Cauchy’s theorem and its powerful implications for complex
integration. This includes applications to curvilinear integrals and the formulation of
Cauchy’s integral formula.

Chapter 4 is dedicated to important theorems and applications that stem from Cauchy’s
theory. These include Liouville’s theorem, Rouche’s theorem, and the residue theorem
essential tools for evaluating complex integrals and understanding the behavior of func-
tions in the complex plane.

The final chapter, Chapter 5, introduces harmonic functions and explores their close
relationship with holomorphic functions. We investigate how these real-valued functions
arise naturally from the real and imaginary parts of complex analytic functions.

By the end of this handout, students will have acquired both a theoretical foundation
and practical tools for further exploration in complex analysis and its applications.



Chapter 1

Holomorphic functions.
Cauchy-Riemann equations

1.1 Some Definitions and Properties

1.1.1 Complex Numbers
Definition 1.1. A complex number is any expression of the form
z=x+iy, z,yeR (1.1)

with ¢ defined by the relation i = —1.

Notation:

e We denote by C the set of complex
numbers.

e 1 is called the real part of z and is L 1
denoted by Re(z)

e y is called the imaginary part of z and
is denoted by I'm/(z).

Remark 1.1. This representation (1.1) is known as the algebraic form.

Example 1.1. We have

e 2y =1+1i € C, then we have Re(z1) = Im(z) =1

o 2, =cosa+isina € C, with o € R, we have Re(z) = cosa and Im(z;) = sina
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Note also that
o If Im(z) =0=Z = z, then z is real.
e If Re(z) =0 = Z = —2z, then z is pure imaginary.

Exercise. Prove the previous properties (1.2) and (1.3).

1.1.2 The modulus and argument

Definition 1.3. (The modulus)
Let z = = + iy, the non-negative number noted by |z| with

|z| = V2% + y?
is called the absolute value or modulus of z.

Example 1.2. Let z = 1 — 4, then we have |1 —i| = /12 + (=1)2 = V2.

We have the following properties, for all complex numbers z and w # 0,

z

w|  Jw]

_ |
2l = |=2l = |z], |zw| = |2] X |w] =

and
Z=|zI", |z4w| <|z|+|w| (called the triangle inequality)



Exercise. Prove the previous properties (1.4) and (1.5).

The plane with a direct orthogonal coordinate sys-
tem <O, 7, 7) is called a complex plane. The com-
plex number z = x + 7y is represented by the point
M with coordinates (z,y) as shown in the figure. We
say that M is the image of z , or that z is the affix
of M. In addition, the length OM is the modulus of
z (|z] = OM).

Definition 1.4. (The argument)
Let z be a nonzero complex number. The measure HIE &

6 of the oriented angle (7, O—]\>4 ) is called an argu-

ment of z, denoted by arg ()

Remark 1.2. 1f 6 is a an argument of z then 6 + 2k7 likewise an argument of z with
k € Z. Therefore, the argument of a complex number is not unique.Denoted by Arg (z)
the principal value of the arg (z) function to take values in the interval |—7, 7], so

arg (z) = Arg () + 2kn, k€ Z.
T
Example 1.3. For example arg (i) = 5 + 2km, generally we have

T
arg (iy) = §+2k7r If y>0

and

T
arg (iy) = —§+21{:7r If y<0

For all complex numbers z and w # 0, we have the following properties

arg (zw) = arg (z) + arg (w), arg (5) = arg (z) — arg (w)
1.1.3 The trigonometric and exponential form

Let z be a complex number represented by the point M with coordinates (x,y) and the
polar coordinates (r,6), we know that

x =rcost
y =rsinf
Hence we can write z = x + iy = r (cosf + isinf).

7



Definition 1.5. The trigonometric form of a complex number z is
z=r1(cosf + isinh)
where r is the modulus of z, and # the argument of z with —7 < 0 < 7.
Definition 1.6. The exponential form (polar form) of a complex number z is
z = re?
where r is the modulus of z, and 6 the argument of z with —7 < 6 < 7.

Example 1.4. Write the following complex numbers in trigonometric and exponential
form:

a) z =1 b) z=—V3+i
Solution. We have

T
a) we know that r = |i| = 1 and arg (i) = 5t 2km, so we have

. 7r . . 7r Z_
Z2=17=C0OS—-+185In—=2¢
2 2

b) To write the number in trigonometric form, we need r and 6

r=|-va+i|=vi=2,
cosf =

sinf =

5% 5% i—
Then z = —/3+i =2 (COSF—FZ‘SinF) =2 6.

Euler’s formula

Let a € R, we have
{ei"‘ =cosa +isino
i

e "™ =cosa — 1sin



1.1.4 Roots of Complex Numbers

Let a = 7 (cos® +isinf). The n™ root of a is the complex number z solution to the
equation z" = a. They are:

(1.7)

+ ¢sin
n n

0 + 2k 0 + 2k
2 = C/?(cos T ' ﬂ)

where £ =0,1,....,n — 1.

Example 1.5. Find all square roots of ¢

T T
Solution. The trigonometric form of 7 is ¢ = cos 5 + 4 sin 5 Then, we use the formula

T
(1.7) where r =1, 6 = o = 2, with k € {0, 1}. So the square roots of i are:

/2 /2 T T \/§ \/5
zoz\/I(cos%%—isin%) :COSZ+iSinZ:7+i7

/2427 7T/2+27T> b o ohm V2 V2
4 2 2

zlzﬁ(COST+iSin :cosz—kism—:———z—

1.2 Elementary functions

1.2.1 The exponential function

Definition 1.7. We define the exponential of a complex number z ; z = x+iy; z,y € R,
by
f: C — Cr
z > f(2)= €*=e"cosy+ie”siny;

It results from the definition

Proposition 1.1. We have
1. Re(e*) = e"cosy and Im(e*) = e*siny
2. le*| = €%, and arg(e*) =y + 2km; k € Z.

3. e = e%le®2: V1 2z € C



1.2.2 Trigonometric and Hyperbolic functions

From Euler’s formula, we define the cosine, sine and tangent functions as follows:

eiz + e—iz ' eiz _ e—iz
COSZ = ————, smzg = ———
21

2

sin z T
And tan z = with z # —+ km; k € Z.
Cos 2 2

Remark 1.3. Most of the properties of trigonometric functions in the real case remain
valid in the complex case. Such as:

1. cos?z +sin*z =1
2. cos (2t w) = coszcosw F sin zsinw
3. sin (z + w) = sin z cosw % cos z sinw

Hyperbolic functions are also defined from e* as

ef 4+ e’? ) e —e’”*
coshz = ———, sinhz = —

with z # (§ + km)i; k € Z.

Remark 1.4. Hyperbolic functions in the complex case has a same properties in the real
case. Such as:

1. cosh®z —sinh?z = 1
2. cosh (z £ w) = coth z cothw = sinh 2z sinh w

3. sinh (z £ w) = sinh z cosh w + cosh z sinh w
Proposition 1.2. Let z € C, we have
cos (iz) = cosh z, sin (iz) = isinh z
cosh (iz) = cos z, sinh (iz) = isin z
Example 1.6. Solve the following equations:
1) 2cosz +3e™% =23  2)2sinhz —5¢7% = —1
Solution. We have

1) 2cosz + 3e™% = 2¢/3 = 2 (%) + 3e7% = 2v/3 = + 4e % = 2V/3
Xeiz

Loz 9\/3e1% 14 =0

10



Let’s ask e = M:;we obtain:

M? —2\3M +4=0= A =12 16 = —4 = (2i)>.
M1:\/§+i:>e”:\/§+i:>iz:log(\/§+i):1n2+i<%—|—2kﬁ),
M2:\/§—@':eizz\/§—¢:>¢z:10g(\/§—z'> :ln2—|—i<—%—|—2k7r).
Then:

iz:ln2+i<i%+2k7r> :>zk:i%+2k7r—iln2; ke Z.

z

2) 2sinhz —5e ™% = -1 = 2 <€ )

—6) —be = —1=¢*—06e "= —1 Let’s ask

X et?

e 4 ef—6=0
e'* = t:we obtain:

?+t—-6=0= A=1+24=25= (5>~
t1:2:>ez:2:>z:log(2):1n2—|—i<0+2k7r),
t2:—3:>ezz—3:>iz:log(—3> :1n3—|—z’<7r+2k7r).
So:

21 = In2 + 2% and 22:1n3+i(2k+1>7r.; keZ.

1.2.3 The Logarithm function

Definition 1.8. Let z € C*, The complex logarithm of a complex number z is given
by:

logz=In|z|+iargz=Inr+i(0+2kn); k€ Z
where |z| =7 and arg z = 0 + 2km; k € Z, with —7 < 0 < 7.
Example 1.7. Calculate the following complex numbers:
a) log(14+14)  b)log(—1)

Solution. We have

a)We find that |1 +i| = v/2, and arg (1 +1i) = %4— 2km, then
log (14) = Inv/2 + i (%Jrzlm) kel
b) log (—=1) =In|—1| +iarg (—1) = In1+i(7 + 2k7w) = in 2k + 1); k € Z.

11



1.3 Holomorphic functions. Cauchy-Riemann equa-
tions

Let zy € C, and r > 0. The open disc D (zq,r) of radius r centered at z, is the set of
all complex numbers defined as

D (z0,7)={2€C: |z —2]| <71}

The closed disc E(zo, r) of radius r centered at zg is defined by

D(2,r)={2€C: |z—2| <1}

Let 2 C C be a set, a point 2 is an interior point of 2 if there exists r > 0 such that
D (zp,7) C S

A set €2 is open if every point in it is an interior point.

Definition 1.9. Let Q be an open set in C and f :  — C. The function f is a
holomorphic at the point zo € Q if

f(z0+h) — f(20)
h

has a limit when h — 0.

The limit of the quotient, when it exists, is denoted by f'(z), and is called the derivative
of f at z:

, h)—
£ () = hlinof(zo + f)L f (20)

Definition 1.10. The function f is said to be holomorphic on €2 if f is holomorphic
at every point of €.

Example 1.8. Let f(z) = 22, and 25 € C. We have

floth) = fz) . Goth) =3

lim

h—s0 h h—s0 h
= lim (229 + h) = 22
h—0

Therefore, f is holomorphic at every point of C, with f'(z) = 2z

Proposition 1.3. If f and g are holomorphic in §2, then:

12



1. af + Bg is holomorphic in Q and (af + 59)/ = af + B¢, where a, f €C.
2. fg is holomorphic in 2 and (fg)/ = fg+ fg.

3. If g(20) # 0, then f/g is holomorphic at z, and

£\ fo-td
9 92

Remark 1.5. The functions e®, cos z, sin z,cosh z, sinh z and any polynomial are holo-
morphic in C.

Theorem 1.1. Let f: Q — C where f(z) = P (x,y) +1iQ (z,y)
with Re (f) = P (x,y) and Im (f) = Q (x;y). Then:
f 1s holomorphic in €2 iof and only if the following equations are satisfied

orP 0Q oP 0Q
—=— and —=——
or Oy Jy ox

These equations (1.8) are called the Cauchy-Riemann equations.
Proof. By hypothesis, f is differentiable on zy , so f’(zy) exists. To prove Cauchy-

Riemann equations. We will consider two different directions for towards 2z, and we will
use the fact that the limit of

. flao+Az) — f(20)
Aliglo Az

is the same in all directions.

The following approach the real axis (Ay = 0):

f(z0 +Az) — f(20) i f(z0 + Az) — f(20)

A A =4, Ar
= lim Plao + Az, yo) = P(20, Yo) 4+ lim Q(zo + Az, yo) — Q(@0, yo)
Ax—0 Ax Az—0 Ax
or 0
= = 2 0, 0) + 152 (50, 0)

13



Fleot82) = fa) | f0+iBy) = f(z0)

Ali«lllo Az T Ay—0 iAy
— lim P(ZE07 Yo + Ag) _ P($07 ?JO) 4 lim Q(x(h Yo + Ay) _ Q(l’o, yo)
Ay=0 iAy Ay=0 iAy
oQ OP

== 8_y<$0’y0) - Za_y(l"o,yo)

Since the function is differentiable, the two expressions must be equal:

oP  0Q 0Q P

%+Z%_ dy Z(?y

Then
orP 0Q oP oQ
—=—— and —=———
or 0Oy oy ox
Hence the Cauchy-Riemann conditions. O

Example 1.9. Show that the Cauchy-Riemann equations are satisfied for the functions
a) f(z) =€
Let z = z + 1y, we have

f(z) =¢"=e""W =¢e"cosy +ie”siny = P (z,y) = e“cosy, and Q (z,y) = e*siny

(0P |
5 — € Ccosy :>3_ng
o Jdxr 0Oy
— =¢e"cosy
L Y
(0P ..
— = —€®sin
Q dy ox
| 5, = ¢ siny
The Cauchy-Riemann equations are satisfied then f is holomorphic in C.
b) f(2) ==
we have f(2) =Z =2 —iy = P (z,y) =z, and Q (z,y) = —y
orP )
or L or, e
3_@ _ oxr ' Oy
dy

The Cauchy-Riemann equations are not satisfied then f is not holomorphic in C.

14



Proposition 1.4. If f = P +1Q is holomorphic in 2 then we have

/ oP 0 0 oP
PP 000

ox + Z% Oy ! oy
Example 1.10. a) Verify the Cauchy-Riemann equations for the function

1
f(z) == z#0.
z
b) Calculate f'(2)
Solution. a) we have
Z - Y
P = -7
(9)= 2 7@y = 55

and
o°P 0Q y? — 22

oy @)
or  0Q 2zy
8y a ox N (132 —+ y2)27
Then f is holomorphic in C*
b) The derivative is

;o OP  0Q yP—a®+i2xy

B 2% — 2ixy —
(22)”

oz 1

(2?2

15



1.4 EXERCISES

Exercise 1.1. Find the values of

(1+2i)%,

(3{?@,) , (L))" + (1 —4)"

—3 4 44

Exercise 1.2. Write the following complex numbers in algebraic form.

(1+4)° 1+ i

2 : R
0y Jaar@-nr “F

1)

Exercise 1.3. If z = z + iy (x and y real), find the real and imaginary parts of

1 z—1
227 241

A 1
25 T
z

Exercise 1.4. Verify by calculation that the values of

2241
for z = x + 1y and z = x — iy are conjugate.

Exercise 1.5. Write the following complex numbers in trigonometric, and exponential
form.

1+iv3,

1—4 '

1—iv3, (V3+i)°

Exercise 1.6. Compute

Exercise 1.7. Show that e = ¢? for all z in C, and deduce that

COS Z = COS Z, sin z = sin z.

Exercise 1.8. Find the values of
log (1 —14v/2) , sini, cosi, tan(l+1), 27, i

Exercise 1.9. Solve in C; the following equations:

1) 2cosz —e ™ =1+2 2) cosz =3+ ¢e*

3) cosz =1isinz 4) sinz = isinh z

16



Exercise 1.10. Solve in C; the following equations:

1) 2cosz +isinz=1—1 2) sinh z = (1 +4) cosh z

3) cosz = cosh z 4) sin z = cosh z

Exercise 1.11. Let z = x4y where x and y are two real numbers and let the function
f(2) = 2* +sin(iz)

1) Find the real and imaginary parts of the function f
2) Show that f is holomorphic in C

Exercise 1.12. Let z = x 4 1y where x et y are two reals and let the function
f(z) = az + iy + ie?
1) Write f(z) in the form P(z;y) +iQ(x;y)
2) Determine the constant a so that the function f(z) is holomorphic.
Exercise 1.13. I) Verify the Cauchy-Riemann equations for the functions
a) f(z) =1i2% + 22;
z+1 31
b) f(2)

. wh —
- when z # 5
II) Calculate f' () by two methods.

:22—31

17



Chapter 2

Power series. Radius of convergence.
Disc of convergence. Power series
expansion. Analytic functions.

2.1 Power series

Definition 2.1. A power series in the complex variable z is a series of the form

o0

E 2™ = ap+ a1z + ag2? + -+ a2t + - - -
n=0
ag, 1,02, ... dn, ... called coefficients of the series.

Example 2.1. The geometric power series

o0

Zz”:1+z+z2+...+zn+...

n=0

is a power series, with a, = 1 for all n € N. It converges when |z| < 1 and diverges
when |z] > 1.

In fact, we have

> 1
Zz”:—; when |z]| < 1.
1—-=2

n=0

2.2 Radius of convergence

Theorem 2.1. Given a power series Z a,z", there exists 0 < R < 400 such that:

n=0

18



1. If |z] < R the series converges absolutely.

2. If |z| > R the series diverges.

The number R is called the radius of convergence of the power series.

Proof. Let z € C be such that |z] < R. Choose w € C such that |z| < |w| < R and

o0
such that Z a,w"™ converges.

n=0
It follows that |a,w™| — 0 as n — oo Thus |a,w"| is a bounded sequence; that is,
there exists K > 0 such that |a,w"| < K for all n Let ¢ = |z| / |w| As |z| < |w| we have
that ¢ <1 Now

n

< Kq"

|anzn| = |anwn|

o

for all n € N Hence ) |a,2"| onverges by comparison with the geometric series. Since
n=0

absolute convergence implies convergence, we are done. It follows immediately from

the definition of R that the series diverges whenever |z| > R. Indeed, if |z| < R the
series converges.

[]

Remark 2.1. In the case |z| = R there is no general statement about the series, as one
can have either convergence or divergence

Proposition 2.1. Let Z a,z" be a power series with radius of convergence R.
n=0
Qn,
lim [—2f = 1
If =400 | Uy then R = 7
lim /a, =
=

Example 2.2. Determine the radius of convergence R of the power series

X 2" . nz"
1 — 2 —_—
n=1 n=0
Solution. 1) ;O Zn
. n=1 n
b 1
n — — — n = —_—
we have a - Ant1 ——

19



Then the radius of convergence of the power series is R = 1

nz"
2) D) or
2n
n=0
L n o n+1
we avean—2—n:>an+1—w

Ap+1
Qn,

lim

n—oo

1 /n+1 1
= lim - ==

Then the radius of convergence of the power series is R = 2

2.3 Disc of convergence

Definition 2.2. The set

n=0

o
D = {z € C : the power series Z an2" converges}
is called the disc of convergence of the series.

diverge

Convergence of a power series.

Remark 2.2. In particular, we have:
R=0= D ={0}
R=oc0=—D=C

20



Example 2.3. Determine the radius of convergence R and the disc of convergence D
of the power series

1) ~ 2) Y ~
n=1 n=0
00 P
Solution. 1) —
n=1 n

- Radius of convergence R:

n2

= lim——=1—R=1

. an
lim
n—oo

Qn

- Disc of convergence D:

As R =1 then, the series is converges when |z| < 1, and diverges when |z| > 1.

n

If [2] = 1, with u,, = — we have:
n

1

Zn
—| = — is converges ( Riemann series with « =2 > 1)
n

ol = 1= | =

then the series is converges absolutely therefore, they are converges.

So the disc of convergence is D = D (0,1) = {z € C : with |z| < 1}

o Zn
22
n=0
- Radius of convergence R:
. an+1 . n! . 1
lm |—|=lm-——F=1lm——=0= R=0

- Disc of convergence D: as R = oo then D = C.

2.4 Power series expansion

Definition 2.3. Let f : 2 — C, we say that f has a power series expansion at a point
zo € ) if there exists R > 0 such that:

f(2) =) an(z—2)"  Vz€D(z,R)

n=0
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> 1
Example 2.4. We know That Z 2" = ——; when |z| < 1.
1—-=2

1
Then the function f(z) = T2 has a power series expansion V € D(0,1)

[e.9]

Theorem 2.2. The power series f(z) :Z a,z" defines a holomorphic function inside

n=0
its disc of convergence.

e The derwative of f is also a power series obtained by differentiating term by term

the series for f, that is
:Z nayz" 1
n=1

/ .
Moreover, f has the same radius of convergence as f.

e The integration of f is also a power series has the same radius of convergence as

f, that is
d nd n+1
/f w /g a,wdw g: . 1

On(]

Example 2.5. Write the power series expansion for the following functions:

D) =1 Do) =t D= HK)=h(1+2)

1+ 22 (1—2)

Solution. We have

1 o
:Z 2" when |z| <1 (2.1)
-z
n=0

n=0
1 1 0 .
2) g(2) = T 2= 1o (—22): Z (—z%)"; when |—z2| <1
n=0
= Z (=1)"2*"; when |z| < 1
n=0
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o
(1—2)°

we deduce, by derivative term by term in (2.1), that

h(z) = (1_1z)2:d;.;<1iz> :dilz<z,z"> ; when |z] < 1.

n=0

3) h(z) =

oo
= Z nz""t when |z| < 1.

4) k(z) =In(1 +z)—:/ (Z )

0 0o \n=0
(o) 1 n
= Z = "t when|z| < 1.
n -+ 1
n=0
Proposition 2.2. Let f(z) :Z a,z", be a power series whose convergence radius s

n=0
R. Then the function f(z) has derivatives of all orders, and these derivatives can be
obtained by differentiating the series term by term. The derivative series all have the

same convergence radius R, and a

0
‘n=0,1,2,... (2.2)

where f(z) is the derivative of order n of f(z).

Remark 2.3. The formula (2.2) is called the Taylor series coefficients.
Example 2.6. Write the power series expansion for the following functions:
1) f(z) = € 2) g(z) = (1+2)°; a€ck

Solution. We have

1) f(z) =€
Here we can apply Proposition 2.5. We obtain the following
we have f("(z) = e = f(™(0) = 1 then

[o.¢] Zn
e =Y —  VzeC (2.3)

n=0
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2) g(z) = (1+2)"

The Taylor series coefficients are given by:

(n)
o — 970
n!
Let’s compute the derivatives of g(z):
1. Jz)=a(l+2)*!'=¢(0) =«
2. 9"(z) = ala —1)(1+2)*7? = ¢"(0) = a(a — 1)

3. n-th derivative:
"M (z) =ale—1)(@—2) (@ —n+1)(1+2)"

9" (0) = ala—1)(a=2)--- (@ =n+1)
The coefficient a,, is:

:g(”)(O) Cala—-1)(a—=2)---(a—n+1)

n n! n!

Thus, the Taylor series expansion is:

(1+Z>a:Za(a—l)(a—2)~~(a—n+1)

ZTL
n!

n=0

Convergence (Radius of Convergence)

We notice that:
Qp+1

Qn

. a—n
S in+1

has a limit of 1 when n tends towards +oc . Therefore the radius of convergence of the
series is R = 1.

Special Cases:

1. When a = —1:
a, = (—1)"

1 (e}
= E (=1)"z" (Geometric Series)
1+2 —
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2. When a =1 (Square Root):

1 1.(-1 1
a; = 5, Ao = 2 (2' 2) = —g, etc
\/1+z—1+12—122+i23—
B 27 8 16

Example 2.7. Write the power series expansion for the following functions:

1) f(z) =cosz 2) g(z) =sinz 3) h(z) = cosh z 4) k(z) = sinh z

Solution. 1) g(z) = cos z 2) h(z) =sinz

By using Euler’s formula: e’ = cosa + isina and (2.3) we have:

Then
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3) h(z) = cosh z 4) k(z) = sinh z
We know that:  cos (iz) = cosh z, then

3

(=1)
2n)!
_1)”

=3 Gar®" e

n=0 ’

cosh z = cosiz =

(iz)*"

K

n=0

3

(2n)!
In the same way and by using the formula siniz = ¢sinh z, we find
. siniz 1o~ (=1)"
sinh z = ; :; Z m(lZ)

io: " <Z)2n+122n+1
(2n + 1)!

00
22n+1

“ (2n+1)!

1
T

n=

2.5 Analytic functions

Definition 2.4. A function f defined on an open set € is said to be analytic at a point
zo € €1 if there exists a power series Z an,(z — z9)" centered at zg, with positive radius
of convergence R, such that

Z an(z—20)" Yz € D(20,R)
n=0

If f has a power series expansion at every point in {2, we say that f is analytic on (2.
Example 2.8. We have

1. Any polynomial of degree n,
f(z) =ap+ a1z + ...+ a,z"

where ag, aq, ..., a, € C, is analytic at all points z € C.

2. A rational function f(z) = P(z)/Q(z) where P(z) and Q(z) are polynomials of
degrees p and ¢, is analytic everywhere, except when Q(z) = 0.

3. The functions e* | cos(z) and sin(z) are analytic everywhere.

4. The function log(z) is analytic everywhere except at z = 0.
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2.5.1 Properties of analytic functions

Proposition 2.3. If the functions f and g are analytic at point zy, then

1. the functions f(z) + g(z) and f(2)g(z) are analytic at point zp;
2. the function f(z)/g(2) is analytic at point zo provided g(z) # 0.

3. the function (f o g) (2) is analytic at point z.

Example 2.9. the functions:

1. f(z) = e* + 222 — 1 is analytic in C. ( the sum of two analytical functions )
2. g(z) = tan z is analytic in C — {g + k:ﬂ} where k € Z.
3. h(z) = €°"* is analytic in C. ( The decomposition of two analytical functions )

Proposition 2.4. If

f(z) :Z an(z—20)"

n=0

is convergent in D(zo, R) for some R > 0, then f : D(zy, R) — C is continuous. In
particular, analytic functions are continuous.

2.5.2 Identity theorem for analytic functions

Corollary 2.1. Suppose f(z) =) a,2" is a convergent power series and (zp),cy 5 @
n=0
sequence of nonzero complex numbers converging to 0, such that f(z,) = 0 for all n.

Then ay = 0 for every k.

Recall that in a metric space X a cluster point (or sometimes limit point) of a set E' is
a point a € F such that D (a,€) \ {a} contains points of E for all €.

Theorem 2.3. (Identity theorem) Let D C C be open and connected. If f : D — C
and g : D — C are analytic functions that are equal on a set 2 C D and €2 has a
cluster point in D then f(z) = g(2) for all z € D.

Proof. Without loss of generality suppose 2 is the set of all points z € D such that
f(2) = g(z). Note that Q must be closed as f and g are continuous.
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Suppose () has a cluster point. Without loss of generality assume that 0 is this cluster
point. Near we have the expansions

o0

f(z)=) a,z" and g(z) :i by 2"

which converge in some ball D (0,7). Therefore the series

0=7F(2) —g(z) = f(z) =) (an = bn) 2"

n=0

converges in D (0,7) As 0 is a cluster point of €, there is a sequence of nonzero points
(#n)pen such that f(z,) — g(2,) = 0 Hence, by the corollary above a, = b, for all n.
Therefore, D (0,7) C €.

Thus the set of cluster points of 2 is open. The set of cluster points of € is also closed:
A limit of cluster points of € is in §2 as it is closed, and it is clearly a cluster point of
Q). As D is connected, the set of cluster points of 2 is equal to D, or in other words

Q=D. [l

2.6 EXERCISES

Exercise 2.1. Find the radius of convergence R and the disc of convergence D of the
following power series:

) [e'e) on [e%S) on [e%S) ng ) ) e
E n3z", E —2", —2", E —z", E n32", E —
n! n 3n Inn

n=1 n=1 n=1 n=1 n=1 n=1
Exercise 2.2. Find the radius of convergence R of the following power series:

o oo

i, (1 + na) 2™,
n=1 n=2

Exercise 2.3. Find the radius of convergence R of the following power series:

oo o oo 2
- on Shn n n +CL n.
Zn( )"z Z_chnz Z(ln > )z, a>0
n=0 n=0 n=1
oo oo ‘
e~shny e 2" a>0
; “~ (a+1)(a+2)...(a+n)

Exercise 2.4. Write the power series expansion for the following functions:

1 1 -1

1) f(z) = 2)9(2) =35, 3 hx)= (112

4) k(z) = arctan z
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Chapter 3

Cauchy’s theory

3.1 Curvilinear Integral
Definition 3.1. A curve C' connecting zy and z; is defined by a continuous and differ-

entiable function z (t) : [to; t;] — C such that z(ty) = 2o and z(t;) = 21.

pB

A

rB

Remark 3.1. The opposite curve C'~ is the i
curve with the reverse orientation. -

Example 3.1. The line segment from z (
the point A) to z; ( the point B) is a curve
C can be parametrised by A > B

2(t)=(1—t)zo +tzy with te€]0,1]
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Definition 3.2. A path 7 is a union of curves: 0 :_Ql Ci.

The path ~ is said to be closed if its origin coincides with its end. v (29) = 7 (21).

C¢

B

The path

Example 3.2. The circle C (2g,7) is a closed path can be parametrised by
2(0) = 2 +re? with 6 € [0,2n]

Definition 3.3. Let f : D — C be a continuous function on D simply connected,
and v C D a path defined by the equation

z=2(t), a <t <b. We defined the integral of f along v by

Example 3.3. Compute

1) / zdz, where 7 is the directed line segment from 0 to 1 + 3.
v

2) /Edz, where 7y is the circle |z —i| =2
Y

Solution. We have

1) [

~

The directed line segment [0, 1 4 ] is defined by the equation
zt)=1—-t)x04+t(1+4)=(140)t; with te€][0,1]
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z=1+1
L
i
~
0 1’
Then
1 1 2 1 9
/ 1+
/zdz:/z(t).z (t)dt:/ (1+0)tdt = (1+1i)° 5] _ 22) = .
5 0 0 0
2) /Edz
gl

The path -~ is the circle C (i,2) defined by
2(0) = 20 +re? =i+ 2" with 6 € [0,2n]

Y

31



So

/Edz :7 2(0).2 (0)do = 7 (—i+2e7") (2ie) db

:g/@ﬁ+2@%
0

=2 [—ic® + 2i0]." = Sin

Proposition 3.1. The curvilinear Integral of continuous functions over path ~v satisfies
the following properties:

e [t is linear, that is, if a, B € C, then

[ @)+ sae) dz =a [ 1)z 4 5 [ 51

v

o If v~ is v with the reverse orientation, then

/f(z)dz _ —/f(z)dz.

o Ify="1+7+ "+ (a subdivision of the path ~y ), then

/f(z)dz:/f(z)dz+/f(z)dz+---+/f(z)dz

Tn

Example 3.4. Let v be the path that is the triangle with vertices 0, 2, and 1.

a) Compute /\z|2dz, /(Re(z) + Im(z))dz,

b) Deduce the following integrals

/(\z\2 — 2Re(z) — 2Im(z))dz, /3 2| dz

Y Y

Solution. a) We have v =y + 72 + 73
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1) v, is the directed line segment [0, 2] is defined by the equation

21 (t)=(1—t)x0+tx2=2t; with ¢e]0,1]

2) 75 is the directed line segment [2,1] is defined by the equation

2t)=(1—t)x2+txi=2—-2t+idt; with ¢€][0,1]

3) 73 is the directed line segment [i, 0] is defined by the equation

) =(1—t)xittx0=i(l—t); with te]0,1]

/|z[ dz= /|z| dz—l—/|z| dz—l—/|z| dz

:/(215) 2dt+/[(2—2t) + %] (-2 4 i) dt+/ (1—1)?

So

0 0
1 1 1
:8/t2dt+ —2+1) / (5¢* — 8t +4) dt—z/ —2t+1)d
0 0 0
2
:—§+21

33

)dt



/(Re(z) +Im(z))dz :/ (Re(z) + Im(z)) dz + / (Re(z) + Im(2)) dz + / (Re(z) + Im(z)) dz

i 71 V2 3
1 1 1
:/2t2dt+/(2—2t+t) (—2+z’)dt+/(1—t)(—i)dt
0 0 0
1 1 1
:4/tdt+(—2+z‘)/(2—t)dt—z‘/(1—t)dt
0 0 0
=1+

b) By using the properties of the curvilinear Integral, we find

/(\z|2 — 9Re(2) — 2Im(2))dz :/ 22 de — 2/(Re(z) + Im(2))dz

Y Y

2
=52 2(-1+1)

/3|z|2dz:—/3|z]2dz
v ol
:—3/|z]2dz
vy
2

=—3(—5+2) =26

3.2 Cauchy’s Theorem

Theorem 3.1. Let v C D be a closed path, and f : D — Ca holomorphic (analytic)
function in Int(y). Then
/f(z)dz = 0.

v

Example 3.5. Compute /szz, where 7 is the circle |z| =1

il
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Solution. From Cauchy’s Theorem we have

The path ~ is the circle C'(0,1) so it is i v
closed, and the function f(z) = 22 is holo-
morphic (a polynomial) in C. Then
/ 22dz =0 QJ
.

We verify this by direct computation.
The path ~ is the circle C'(0,1) defined by

2(0) = 2z +re? =€ with 6 € [0,2n]

And
2m 2m
/ZQdZ :/ 22(0) 7 (0)do = / e*iedg
v 0 0

27

= / ie3do

3.3 Cauchy’s Integral Formula

Theorem 3.2. Let v be a closed path and let f be holomorphic (analytic) in an open
domain containing . Then for every point a in Int(7)

(2)

dz = 2mif(a)
Example 3.6. Calculate integrals using Cauchy’s integral formula

1)/ ezd 5 / COSTZ J 3 / z J
P R S ) (z—i)(z+30)

|z|=2 |z|=3 |z—1|=2
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Solution. We have
eiz
1) / dz
Z+1
|z|=2

We have the function f(z) = € is holomorphic in C (f' (z) = ie’*), and the path ~ is
closed ( a circle C'(0,2) )

In addition

la| = |—i| =1< 2= a € Int (v)

Then

e o
/ oL mif(—i) = 2mie mie

2) / COSTZ p
223242 i
|z|=3

We have 22-32+2=0= 2 =1l or 2z, = 2 and

|21l =1l =1<3 = 2z € Int(y)
|2a] =12 =2<3 = 2z € Int(y)

So we have to decompose ———— into two simple elements
22—3z+2

1 1 1 1

22—3z+2:(z—1)(z—2) z—2 z-1

CcOS T2 COSTZ  COSTZ
/ _CoSTE / - i
2232+ 2 z—2 z—1

Then

|z|=3 |z|=3
/ coS 7T2d / coSs 7rzd
= z— Z
z— 2 z—1
|z|=3 |z|=3

The function f(z) = cosmz is holomorphic in C, so

CoSTZ _
/ mdz :27rz. [cos 2 — cos 7]
|2|=3 =4
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| CoNGTa

|z—1]|=2

There are two singularities ag = ¢ and a; = —3¢. It remains to verify whether:

apg, ap € Int(y)

li—1|=v2<2 = i¢cInt(y).
| —3i— 1| =10 > 2 = —3i ¢ Int(y).

Thus, the function f(z) = j
z
the path ~ is closed since v = C(1,2).

/v(z—i>fz+3¢) Z:/Wwdz

% is holomorphic in Int(y) because —3i ¢ Int(7), and
i

Theorem 3.3. Let v be a closed path and let f be holomorphic (analytic) in an open
domain containing .

Then for every point a in Int(7y)

Example 3.7. Compute

Solution. By using the formula (3.1) we have

the function f(z) = "% is holomorphic in int(y) because Because it is a composition of
two functions, holomorphic , and the path ~ is closed since v = C'(0, 1), with 0 € Int(v).

Then . .
esmz f (0)
/ = dz = 2m 1

|2=1
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where
f(z) =¢€""* :>f/(z) = "% cos z

—f(2) = e* (cos® z — sin z)

/ 6sinz
dz = mi.
3
z

=1

Thus f”(0) = 1, and so

3.4 EXERCISES

Exercise 3.1. Compute

1) /Re (z)dz, where v is the directed line segment from 1+ i to 3i.

~

2) /]m (z)dz, where v is the triangle with vertices 0, 1 + i, 4.
o

3) /zEdz, where 7 is the circle |z| = 2
gl

4) /dez, where + is the It is the semi-circle |z + 1| = 2 from 1 to —3

~

1
5) /mdz, where « is the It is quarter circle |z| = 2 from 2 to 2:

v

Exercise 3.2. Calculate integrals using Cauchy’s integral formula

] eT* p 5 COS T2 p 3 e p
>/z—22' = )/22+52—6Z’ )/224—12'

|2[=3 |2[=3 |2[=2
4) / SR / G
z(z—1) = 2 i
|z4+1|=2 |z|=1
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Exercise 3.3. Calculate integrals

1) / (:zi)zdz, 2) / %d; 3) / (Zeiml):’»dz-

|z|=2 |z|=1 |z+i|=2

Exercise 3.4. Let f be the following function

eZ

(z—1) (2 +3)°

f(z) =

1- Determine the residues of f at each of its poles.

2- Deduce the following integrals

/ (z — 1)6(: + 3)2dz and / (z — 1)6(22 + 3)2dz
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Chapter 4

Applications

4.1 Equivalence between holomorphy and analyticity.

We know that a real-valued function with a power series expansion around 0 is infinitely
differentiable, so we will show that this result is still valid for functions of a complex
variable

Theorem 4.1. Let f(2) =) anz", with radius of convergence R.
n=0

e f is a holomorphic function inside its disc of convergence.

e The derivative of f is also a power series obtained by differentiating term by term
the series for f, that is

o0
! —
f(z)= E na,z""!
n=1
/ .
Moreover, f has the same radius of convergence as f.

Example 4.1. We know that the function

> 1
Zz”:—; when |z| < 1
1—-=2

n=0

Then the function f(z) = ; is holomorphic in Int (D (0,1)).
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4.2 Maximum theorem.

Theorem 4.2. (Open Mapping Theorem).
If f is holomorphic and non-constant in a region 2, then it is open (i.e., f maps open
sets to open sets).

Corollary 4.1. Every holomorphic application is an open application

Theorem 4.3. (The principle of maximum)
Let Q be a domain and f € H(QY) be non-constant. Then |f| does not attain its maxi-
mum value in 2.

Proof. Suppose that |f| reaches its maximum at a € Q. i.e
£(@)] = max | £(2)] > 0

Since f is holomorphic and not constant, it is an open application, from which there

exists d > 0 such that the disk D (f(a);d) C f(Q).

Let 5
w= (14 77— f(a)
2[f(a)|
Then w € D(f(a);d) and consequently there exists z € Q such that w = f(z) and on
the other hand, |f(z)| = |w| > |f(a)|, which is absurd. O

Example 4.2. Let
flz)=2"+1

be a function defined on the closed disk

D(0,2) ={z € C| |z| <2}.

The function f (_z) = 22 4 1 is a polynomial, meaning it is holomorphic on C, including
the closed disk D(0,2).

Evaluate |f(z)| on the boundary
On the boundary |z| = 2, write z = 2¢. Then:

f(2) = (2¢7)2 +1 = 4e*? 4 1

()] = [4e* + 1
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Compute:
f(2)] = |4e*? + 12
= (4% + 1) (472 4 1)
=16 + 4e** + 472 1+ 1
= 17 + 8 cos(260)

Therefore,

|f(2)] = /17 + 8 cos(20)

The maximum of cos(26) is 1, so:
max |f(z)| = V17T +8-1=V25=5

Interior of the disk

At the center z = 0, we have:

JO) =1 = [fO)l=1<5

Then

| f(2)| cannot reach its maximum in D(0, 2), which confirms the Maximum Theorem.

Modulus of f(z) = z2 + 1 on the Disk |z] = 2

12.0

2F
10.5
1 9.0
7.5
'~ ey
E 60 =
4.5
-1
3.0
B 1.5
7 =7 0 1 0.0
Re(z)
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4.3 Liouville’s theorem.

Theorem 4.4. (Liouville’s theorem)
if f is holomorphic (analytic) on C and |f| < M then fis constant.

Proof. Let f holomorphic (analytic) on C, then f is a power series expansion
“+oo
f(2) :Z anz"
n=0

We have the Cauchy inequalities for the coefficients of the series:

<
lax] < 27k

sup {|f(2)] : la| = r}

Since here f(z) < M for all z, letting » — +o00, we obtain

ak:O; Vk21

Then f(z) = ay, is constant. O

4.4 Rouche’s theorem.

Definition 4.1. A curve is a subset of R? of the form v = v(x): z € [0,1] , where
7 :10,1] = R? is a continuous mapping from the closed interval [0, 1] to the plane. v(0)
and (1) are called the endpoints of curve y. A curve is closed if its first and last points
are the same. A curve is simple if it has no repeated points except possibly first = last.
A closed simple curve is called a Jordan-curve.

Example 4.3. Line segments between A, B € R?, circular arcs, Bezier-curves without
self-intersection, etc...

Theorem 4.5. (Rouche’s theorem) Let f,g : U — C analytic on U C C open,
v: 1 —=U a Jordan curve with Int(y) C U. Assume f has no zero on y(I) and

1f(2) = 9(2)] < lg(2)], vz € v(I).

Then f and g have the same number of zeros inside v, counting multiplicities.

Example 4.4. Let f(z) = 1422+ 72%2+32° . Show that f has exactly two roots inside
the unit disc.

Answer: Apply Rouché’s theorem to g(z) = 72% and (f — g)(z) =1+ 2z + 32° .
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4.5 Residue theorem.

4.5.1 The Poles

9(z)
oo with g(a) # 0

The point a is called a pole of order m of f.

Definition 4.2. Let f(z) =

Remark 4.1. we have:

1. If m =1 then a is a simple pole.
2. If m =1 then a is a double pole.

3. If m =1 then a is a triple pole.

Example 4.5. Determine the poles of the following functions

B 1 _ cosTz e* (z+2)
1) f(:) = 200 = a0y Y=g

(z+2)(z—3)

Solution. We have

1) The function f has a simple pole at —2 and 3.

2) The function g has a simple pole at —1 and a double pole at 0.
e (z+2) e*

3) h(z) = =
) ( ) (Z2 o 4)3 (Z + 2)2 (Z o 2)3
and a triple pole at 2.

. Then the function h has a double pole at —2

4.5.2 The residues

Definition 4.3. Let v be a path. The residue of f in a is a complex number that

verifies:
Res (f,a) / f(z
27m

with a € Int (7).

9(2)

Iff(z):m

with g(a) # 0, then

lim [(z —a)™ f(2)]" "

Res (f,a) = —(m —i
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If m =1 then Res (f,a) = li_r)rcll(z—a) f(z) =g(a)

/

If m = 2 then Res (f,a) = lim ((z — a)’ f(2) =4 (a)

If m = 3 then Res(f,a) = 11_1?(1} ((Z - a)3 f(z))n == ;a>

Example 4.6. Calculate the residues of the following functions

DIE= De = D)=

Solution. We have

1) The function f has a simple pole at 7, then

Res(f,i) =1lim (z —1) f(2) =4* = —i

z—1

2) The function g has a double pole at —1, so

! ’

Res(f,—1) = lim ((z+ 1)? f(2)) = lim (zcosmz) =—1

z——1 z——1

3) The function h has a triple pole at 2, then

1"

Res (f,2) = liml ((z— 2)? f(z) = <

2—29 2

Theorem 4.6. (Residue Theorem) Let f : Q — C, a holomorphic function in
Q except at a finite number of points ag,aq,as, ..., a,, and v C Q a closed path. If
ag, a1, as, ..., a, € Int(7y) then

/f(z)dz = 27 Z Res (f,ax)
k=1

v

Example 4.7. Evaluate the integrals:

+1
/Z—de; withy @ |z] =2
z(z—1)

~
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+1
Solution 4.1. The function f(z) = ﬁ has a simple pole at 0 and a double pole
2 (2 —
at 1.

we have

0l=0<2 = 0¢€ Int(y)
|=1<2 =1¢€Int(y)

Then

[%dz = 2mi (Res (f,0) + Res (f,1))

Res (£,0) = lig (== 0) (&) = iy =5 = 1
Res (f,1) = lim ((= — 1% f(2)) = nﬂ;—; =1
Then .
z+ , B
/mdz:%m(l—l)—o

~

4.6 Calculation of integrals using the residue method.

2m
4.6.1 Integrals of the form / R (cos@,sin0) do
0

All integrals of the form
27

/ R (cosf,sin0) db (4.1)

0

where the integrated is a rational function of cos# and sinf can be easily evaluated by
means of residues. It is very natural to make the substitution z = ¢ which immediately
transforms (4.1) into the line integral

1 +1 1 1 dz
A 2172 Z_z iz

dz 1 1 1 1
with df = —, cosf=—-| 2+ —-| and sinf = — | z — — |.
1z 2 z 21 z
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It remains only to determine the residues which correspond to the poles of the integrated
inside the unit circle.

Example 4.8. Evaluate the following integrals by the method of residues:
2w 2w

) do 5 sin? 6 50
)/5—400397 )/5+4C089

0 0

Solution. we have
27

) do
) / 5—4cosf

0
2

o 1 dz 2 1 d_g ]
/5—40089_ /5—4(2+z‘1)iz_i/—4z2+1oz—4Z_z'/f<z>Z
|z.]=1

0 |z|=1 Y
h = ! d v is the circle |z| =1
where f(z)—_4z2+102_4, and ~y is the circle |z] = 1.
—10+6 1
21:—:—
424102 - 4=0= A =36 = T
= ——g— =2

Then the function f(z) =

1
G2 (- =1/2) have 2 and 58 tow simple pole.

1 1 1 1
Only the pole 5 € Int () ( ‘§| =5< 1). So we need to calculate the residue of f in 5

1 . 1 , 1 1
Res (f, 5) = luri (Z—§> f(z) = hnim: 5

Then
do 2 p
/5—4cos9_2/f<z) :



5 sin? 6 50
)/5+4cos(9

sin @ (1/2i(z — 271 ’dz -1 (22— 1)° -1
/ / = — / dz = — /f(z)dz
5+4cos@ 5+4/2 z—i—z‘l) iz i 22 (222 + 52+ 2) 4i

0 : |Z|:1 |Z|:1

(Z -1’
22 (222 + 52+ 2)

with f(z) =

1
Wehave2z2+5z+2:0:>z:—§orz:—2

Sof() =T g FET L double pole at £ = 0

of(z)—22(2Z2+5Z+2)—f(z)— " as a double pole at z =
222 2ty (z+2)

and simple poles atz:—§ and z = —2.

1
Of these, only the poles at z = 0 and z = —3 lie inside the unit disk. So we need to

1
calculate the residue of f in —3 and 0.

For z=0

Res (f,0) = lim (2*f(2) = lim ! 4
2 (z + 2) (2 +2)

1
For z = ——
2
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Then

2T
sin? 6 d@—_l J
/5—1—4(:036 44 /f(z) :

0 vy

ol 1
= 271 | Res (f,0) + Res f,—§

s
4

—+00

4.6.2 Integrals of the form / R (x)dx

An integral of the form
+o0

/ R (z)dx
. o . . P(z)
converges if and only if in the rational function R(x) = m the degree of the denom-
x

inator is at least two units higher than the degree of the numerator, and if no pole lies
on the real axis. Let us further assume that we have:

deg@ > 2+ deg P

we have
+o0 n
/ R (z)dx = 2mi Z Res (f, ax)
Y k=1

the ay being the zeros of Q; with Im (a;) > 0.

Example 4.9. Evaluate the following integrals by the method of residues:

+oo 1 +oo 1
1 2 _—
)/x2+4d$’ )/ @

Solution. We have
+o0

1
1
) / x2—|—4dx

—00
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= Pz)=1, Qz)=2*+4

Let f(z) = e

we have deg ) = 2 > deg P + 2 = 2, The roots of @) are 2¢ and —2i. Only pole 2¢ has
a strictly positive imaginary part.

So we need to calculate the residue in 2

L . 1 1
Res (f,20) = I (: =20 f) = By = = 5
Then
400
| e = eiRes (1.20) = 5
x2+4az— miRes (f,2t =3
+o00
1
2)/—2(11’
(x> +1)
Let f(z) = P(z)=1, Q)= (22+1)

— —
(22 +1)

we have deg () = 4 > deg P + 2 = 2, The roots of () are ¢ and —¢. Only pole i has a
strictly positive imaginary part which is a double pole.

So we need to calculate the residue in 2:

Res(f,i)zlim((z—i)zf(z)),zlim< 1, ) Zi.

Z—1i Z—i (Z+Z)2 47
Then
+oo
/ L v = 9miRes (f,i) =
——dx =2miRes (f,i) = —
(22 4+ 1) 2

+00
4.6.3 Integrals of the form / R (x) e"®dx

p(x)
Q(x)

Let R(z) =

whose deminator QQ(z) does not have real roots and

deg(Q(z)) = deg(P(z)) +1

. The calculation of the simple integral
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+oo

/ R(z)e"“"dx

—00
will be done according to the sign of the parameter a:

1) If o > 0, then

+oo n
/ R(z)e" " dx = 2mi Z Res(R(2)e™, ay,)
o k=1

where a, being the zeros of Q; with I'm (aj) > 0.
2) If a < 0, then

—+00

/ R(x)e"™*dx = —2mi Z Res(R(z)e"* by,)
k=1

—00

where by being the zeros of Q; with I'm (b)) < 0.
Example 4.10. Evaluate the following integral

+oo
cosx
dx
/ 22+ 1
Solution. Let the integral
+00 .
67,2? d
x?+1 .
+00 . +00 L. +00 ~+o00 .
We L / e’ p / cosx+281nxd / Cosxd +_/ smxd
e have r=[ ————dr = T+ x
v 241 241 241 241
From this we notice
400 . +0c0 .
eZiL‘ d R e’L.T d
x2+1 e x2+1 v

1
Let R(z) = oY The roots of R(z) are i and —i. Only pole ¢ has a strictly positive

imaginary part which is a simple pole. Then

+oo . +o0o
el ‘ ' o
/ o 1d:v :/ R(z)e"dx = 2miRes (R(z)e”, 1)

ol



We have

Res (R(2)eZ.1) = li )¢ li - !
es (R(z)e”i) =lim (s i) 57— =lim——= —
Then
oo T 1
e
dIZQWi—.:E
22+ 1 2ie e
+eo T
e T
Finall dr = —.
inally /3:2—|—1 x c

4.7 EXERCISES

Exercise 4.1. Find the poles and residues of the following functions:

1 1 (z—1)e?

1 =— 2 =— 3)hiz)=—F"—
) 1(z) 22+ 5246 ) 9(2) (22 —1)° ) 1) 22 (22 +1)°

Exercise 4.2. Evaluate the following integrals by the method of residues:
2 2m 2m 2m

) do 2) do 3) do 4)/ sin 50
>/5—|—35in€ /(2+5059)2 /13+5Sin0 5+ sin 6

0 0 0 0

Exercise 4.3. Evaluate the following integrals by the method of residues:

+oo +00 +oo
1) / L 9 / il dr  3) / L
41 (22 + a?) (22 + 1?) ’ (22 +1)° !

Exercise 4.4. 1) Evaluate the following integral

+oo )
xelﬂ'.r
————dx
/ x2+2x+5
2) Deduce the integrals
+oo +oo
/ x cos(mx) y / x sin(mr) J
2 +20 15 212t 5
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Chapter 5

Harmonic Functions

5.1 Harmonic Functions

Definition 5.1. Let U be an open subset of R?2. A function ¢ : U — R is called
harmonic if

e ) has continuous second order partial derivatives in U

e 1 satisfies Laplace’s equation:

oy O

o2 T =Y

Example 5.1. Let ¢ : R2 — R be a function defined by

U(z,y) = 2° — 3zy® — 20y + 2

We easily see that

0 0?

%:3952—33;2—2 @—;f:GJ: 0% 8%
— = —bay — 2z — = —06x

Ay dy?

Then ) is harmonic in R?

Theorem 5.1. Let f be holomorphic in an open set €2, with real and imaginary parts
P and Q). Then both P and @) are harmonic in €.
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Proof. We are supposing that P,Q : R> — R are such that

f(z) = P(x,y) +iQ (v, y)

Since f is holomorphic, and by the Cauchy-Riemann equations we have
o?P o (orP\ 0 [oQ)\ 0 [0Q) 0 orP\ O0*P
0z Ox\0x) ox\oy) oy\ox] Oy oy | Oy?

and similarly

Qo (oQ\ o ( oP\ o (oP\ 0 [(0Q\  &Q
0a*  Ox\ox) 0x\ oy) oy\ox) oy\oy) oy

0?Q  0%Q
So —+ —=0.
© o2 * Oy? 0
Thus both P and () are harmonic functions. O

Theorem 5.2. Let  be an open disc, and suppose that P : @ — R s harmonic.
Then there exists a complex function f, holomorphic in €2, such that P = Ref.

Remark 5.1. The function () = I'mf, which is also harmonic, is called a harmonic
conugate for P.

Example 5.2. Verify that P is harmonic, and determine a function () such that f =
P +1i@) is holomorphic with f(0,0) =2 + 3i.

1) P(z,y) = 2% — 3zy* — 2y + 2
2) P(z,y) =y — 32y + 22 — y> + 2

Solution. 1) P(z,y) = 23 — 3xy? — 2y + 2

We have
oP 0’P
a—:3$2—3y2 W:(}x
T T
or_ . 9P ;
ay——xy— 8y2__x
0’P  0?P _ ) )
Then — + — = 6z — 62 = 0 and P is harmonic function.
ox?  Oy?

o4



We are supposing that f = P + i@ is holomorphic then

oP 0Q
%:a—y ...... (1)
oP  0Q
a—y——a ...... (2)

By integration in (1) we deduce that:

Q(x,y) = / (31‘2 — 3y2) dy = 32%y — y* + o (2)
By using (2) we have
—6ry —2 = — <6xy—|—c,0/ (m)) — o (1) =2=¢(x)=220+k
Then
Q(x,y) =32y —y* +22+k

From f (0,0) = 2 + 3i by solving, we find k = 3

Finally
Q(z,y) =32y —y’ + 22 +3

Observe that
f(2) :x3—3:1:y2—2y+2+i(3x2y—y3+2x+3)

To express f as a function of z, we define: x = z and y = 0. Then we get
f(2) =2* 4+ 2iz + 2+ 3

2) P(z,y) =y — 322y + 2% — y> + 2

We have
orP 6 5 ’P 6o
gp  owrE o gp T T
aP—32 32?2 — 2 aQP—G 2
o?P  9*P . ‘ ‘
Then — + — = —6y +2 — (6y — 2) = 0 and P is harmonic function.
ox?  Oy?
We are supposing that f = P + () is holomorphic then
oP 0Q
a— - a— ...... (1)
Z )
oP 0
or__ %@ 2)
dy ox
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By integration in (1) we deduce that:

Q(x,y) = / (—6xy + 27) dy = —3zy* + 2xy + ¢ (z)
By using (2) we have
3y? — 3% — 2y = — (—3y2+2y+30/ (x)) — o (r)=3"=p(x)=2>+k
Then
Q(x,y) = —3xy* +2xy +2° + k

From f (0,0) = 2 + 3i by solving, we find k£ =3

Finally
Q(x,y) = 2° — 3xy* + 2xy + 3

Observe that
f(2) :y3—3a:2y—|—a72—y2+2—|—i(a73—3xy2+2zy+3)
To express f as a function of z, we define: x = z and y = 0. Then we get

f(z) =i +2°+2+3i

5.2 EXERCISES

Exercise 5.1. Verify that the following functions P are harmonic
1) P(x,y) =52-5y*—3y+1; z,yeR

2) P(z,y)=—y*+32%y+Tr+1; z,yeR

3) P (x,y) = e* ¥ cos(2xy)

Exercise 5.2. Prove that v is a harmonic conjugate of u if and only —u is a harmonic
conjugate of v.

Exercise 5.3. Verify that the following functions u are harmonic, and determine a
function v such that u 4 iv is a holomorphc function.

L. u(z,y) = z(1 4+ 2y)

2. u(z,y) = e"cosy

3. =x— .
U(.T,y) x x2+y2
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Chapter 6

Exams

6.1 Exam 2022

Ibn Khaldoun University of Tiaret - Faculty of Applied Sciences
Department of Science and Technology.

Exercise 01

Let z = z 4+ 1y where z,y € R and consider the function:

f(z) =eYcosx +ie Ysinx.

1. Show that f is holomorphic using the Cauchy-Riemann conditions.
2. Compute the modulus and argument of f(z).

3. Express f(z) as a function of z.

Exercise 02

Solve in C the following equation:

2coshz — 3¢ = —1
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Exercise 03
Let P(z,y) = ' + y* — 62%¢y* — 5y + 1.

1. Show that P is harmonic on R2.

2. Find the function @) such that f is a holomorphic function on C given in algebraic
form by

f(z) = [z +iy) = Pla,y) +iQ(z,y),
where z = x + iy, P = Re(f) and Q = Im(f).

3. Express f(z) as a function of z such that f(0,0) =1 — 2i.
4. Compute f'(z) using two methods.

Exercise 04

Compute the following integrals using Cauchy’s integral formula:

1. / cos le dz  where C' is the circle |z| = 1.
cZty

2. / 2€—dz where C' is the circle |z —i| = 3.
cz+52+6

Solution

Exercise 01

Let P(xz,y) = e Ycosz and Q(z,y) = e ¥Ysinx. Thus, P = R(f), Q = I(f).

1. Show that f is holomorphic on C:

OP . 0Q . oP 0Q
Y — _oY —

o e Ysinz, ay e Ysinr = e ay

oP _ Q) _ 0P 0Q

o Y oy or _ Y%

3y e Ycosu, e e Ycosr = By o

So f satisfies the Cauchy-Riemann equations.
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2. (a) The modulus of f:

FEl = VPP + @ = \Je(cos?a + sina) = ¢V

(b) The argument of f:

e Ycoszx e Ysinx

cosf) = ——— =cosz, sinf=-———=sinz= arg(f) = xv+2km,

e Y e

3. The expression of f(z):

f(Z) =e Ycosx + e Ysinx = cos z +iSiIlZ — et

Exercise 02

Solve the equation  2coshz —3e™* = —1:

2coshz -3¢ =—-1=2 (%) — 3 F=—]1=¢e"—2 % =—-1

Multiply both sides by e*:
e te"—2=0

Let M = €7, then:

M)+ M—-2=0=>A=1+8=9

So
M=1=z=Inl+1i2km = i2k7

M=-2=z=I]2/+i(r+2kr) =In2+i(2k + )7

2z =1i2km or zp =In2+i(2k + 1),

Exercise 03

1. Let P(x,y) = 2* +y* — 62%¢* — 5y + 1:

oP 0?pP

— =42’ — 122y?, — =1222—12

or?
0’°P

ox
oP
B dy?
2P PP

= —— 4+ —— =0 = P is harmonic on R?

ox?  0y?

29

4y —122%y — 5, —— = 12y% — 1222

kel



2. Since f is holomorphic on C, the pair (P, Q) satisfies the Cauchy-Riemann con-

ditions: or  0q N
or Oy’
-
From (1): %—f = 42°—122y° = Q(z,y) = /(4x3—12xy2) dy = 4xy—4xy> +C ()
From (2): %—5 = —g—g = 4y —120%y — 5 = —(122%y — 49> + C'(z)) = C'(x) =

b= C(x)=br+c
Final expression: Q(z,y) = 423y — 4xy® + 5x + ¢

3. Since f(0,0) =1—2i = P(0,0) +:Q(0,0) =14+ic=1—-2i = c= -2

Therefore:

f(z)=a* +y* —62%® — by + 1 +i(da’y — 4oy + 50— 2) = 2 + 5iz +1—2i

4. Derivative of f:

Method 1:
f'(z) = 42° +5i
Method 2:
oP 0
) =5+ @'a—Q = 42® — 12212 + i(122% — 4 + 5) = 423 + 5i
X X
Exercise 0.4
cos(mz)

1. Evaluate / T
c 2ty

The function f(z) = cos(mz) is holomorphic inside C, which is the circle C(0,1).

Since | — 1| < 1, the point is inside C'.

/ cos(r2) dz = 27i cos (—Z) = m'\/§
C 4

I
Z+ 7

eiﬂ'z
2. Evaluate /C m z
Factor the denominator: z? + 52 + 6 = (2 + 2)(z + 3)

Singularities at z = —2, —3
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?
Check if:  —2, =3 € C(4,3)
-2 —i| =5 < 3, -3 —i|=v10>3

Only z = -2 € int(C)
Method 1:

Tz Tz —2im
/e—dzz/wdzzgm.e — 9
c(z+2)(z+3) c Z+2 1

Method 2: Partial Fractions:
1 1 1

(z+2)(24+3) 2+2 z2+3

Thus:

/ge—dz:/ € dz—/ ¢ dz = 2mie 2™ — 0 = 27i
c ? +5z2+6 CZ+2 CZ+3

6.2 Exam 2023

Ibn Khaldoun University of Tiaret - Faculty of Applied Sciences
Department of Science and Technology.

Exercise 01

Let z = x + 1y, where z,y € R, and consider the function:
f(Z) — e—iz

1. Write f(z) in algebraic form: P(z,y) +iQ(x,y)
2. Show that f is holomorphic on C using two methods.
3. Compute the modulus and argument of f(z).

4. Solve in C the following equations:

e =1 Cosz = 18inz
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Exercise 02

Let
P(z,y) = 2 — 3ay* — Ty + 2
1. Show that this function P is harmonic on R2.

2. Find the function Q(x,y) such that f(z) = P(x,y) + iQ(z,y) is holomorphic on
C, where z = x + iy, P = R(f), and Q = (f).

3. Express f(z) in terms of z, given that f(0,0) = 2 + 5i.

4. Compute f'(z) using two different methods.

Exercise 03

Let:
1

(2+4)22+6iz —2+1

f(z) =

1. Determine the poles of f.

2. Compute the following integral using the residue theorem:

2m 1
I = do
/0 3+ cosf + 2sind

Solution

Exercise 01

Let z = z 4+ 1y, where z,y € R.

f(z) = @) = Ve~ — eY[cos(z) — isin(x)] = e¥ cos(z) — ie? sin(x)

R(f) = P(z,y) = e’ cos(z),  3I(f) = Q(w,y) = —e’sin(z)
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2. Prove that f is holomorphic on C:

Method 1:
fl(z) = —ie™® VzeC

Method 2: Cauchy-Riemann Conditions

oP , 0Q , oP  0Q
e 9 _ =
e e’ sin(x), oy e’sin(z) = or Oy
(2)—]; = ¢Y cos(z), g—g = —e’ cos(z) = 2—5 = —g—g
3. Modulus:
£ = VP Q2 = yJefeost(x) + sin’(z)] = ¢
Argument:
e¥ cosw ) —eYsinw )
cosf = =cosz, sinf =———= —sinz = arg(f) = —x+2km,
ey ey
4. Solve in C:

(a) e =i=2z=I(i) =Inl+i(5 +2km) = i(5 +2kn), kel

(b) cosz =isinz =

eiz +e—iz ‘ eiz _e—iz .
T:Z'T:>26 =0
1

Contradiction: e™** #0 Vz € C = No solution.

Exercise 02
Let P(x,y) = 23 — 3zy? — Ty + 2

1. Show that P is harmonic on R?:

0?P o?pP

el = bz, 8_342 = —6x = AP =0 = P is harmonic
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2. Since f is holomorphic on C, the pair (P, Q) satisfies the Cauchy-Riemann con-
ditions:

oP _0Q o°P _ 0Q
or Oy Oy  Ox
From the first:

% =32" — 3y° = Q(z,y) = /(3932 —3y%)dy = 32y — y° + C(x)

From the second:

or

9 —6zy —T7T=—(62y+C'(2)) = C'(x) =7T=C(z) =Tz + ¢

So:
Qz,y) = =y’ + 32’y +To +c
3. Given: f(0,0)=24+5i=c=5

Final expression:
f(2) =2% = 3xy> =Ty + 2 +i(—y> + 32%y + Tx +5) = 2° + Tiz + 2+ 5i

4. Derivative of f:
Method 1:
fl(z) =322 +T7i
Method 2:

9P 0Q

—%—H%—3x2—3y2+i(6xy+7):3z2+7i

f'(z)

Exercise 03

1

L. Find the poles of f(z) = (2+1)22 + 6iz — 2 +

Solve the quadratic:

(241)2°+6iz—2+i = 0 = A = (—6)* —4(2+4)(—2+1) = —36+20 = —16 = (4i)?

Roots: ) , , , ] ,
—61 + 4t —1 —61 — 41 -5

22+i) 2+i YT 202+i) 2+i

zZ0 —
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2. Let z = €%, then:

-1 _ -1
0089:Z+Z , sin&zz Z , d@z%
2 21 12
27
1 1 d
I — / 4 = / - . 4z
o 3+cost+2sinf c z+ 2 z—z %
3+ +2- .
2 24
Simplifies to:
[=2 / ! dz = 2 / f(2)d
= z = z z
Only the pole 2z = 2’—# is inside the unit circle because:
—1 1
=—<1
’2 +il V5

Compute the residue at z:

1 1

Res(f? ZO) = Zlgrzlo(z - Z())f(Z) = (2 + Z)(Zo _ Zl) = 4_2

Final result: ]
[=2-2m -—=m

6.3 Make-up Exam 2023

Ibn Khaldoun University of Tiaret - Faculty of Applied Sciences
Department of Science and Technology.

Exercise 01: Let z = x + 1y where x,y € R, and consider the function:
f(2) = cos(iz)

1) Express f(z) in algebraic form: P(z,y) + iQ(z,y).

2) Show that f is holomorphic on C using the Cauchy-Riemann conditions.
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3) Find all values of z such that f(z) is real.

4) Solve the following equation in C:
flz) =i

Exercise 02: Let
P(z,y) =2 —y* =20y — 20+ 3y + 5
1) Prove that this function P is harmonic on R?.

2) Find the function @ such that f is a holomorphic function on C given in algebraic
form:

[(z) = [z +1iy) = P(z,y) +iQ(z,y)
where z = x + iy, P = R(f), and Q = I(f).
3) Express f(z) as a function of z such that f(0,0) =5 + 2i.
4) Compute f'(z) using two different methods.

Exercise 03: Let

22

1) = 244+ 32242

1) Determine the poles of f.

2) Calculate the following integral using the residue theorem:

+o0 xz
I = —d
/_Oo 1322

Solution

Exercise 01
Let z = z 4+ 1y where z,y € R.

1. Algebraic form of f(z):
f(2) = cos(iz) = cos(iz — y) = coshz cosy + isinh zsiny

= Re(f) = P(z,y) =coshzcosy and Im(f)=Q(z,y)=sinhxsiny
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2. Show f is holomorphic on C:

e sinhx cosy = 8_y
8_P = —coshxsiny = —@
oy Y= "or

The Cauchy-Riemann conditions are satisfied, so f is holomorphic.
3. Find z such that f(z) is real:
Im(f)=0=sinhzsiny=0=z=0o0ry=km,k€Z

Solutions:
z=1dyorz=x+ikm, x,yeR keZ

4. Solve f(z) =1
e *+e€*
2
¥ — e +1 =025 M2~ 2%iM+1=0

=1

f(z) =i = cos(iz) =i =

A=—4—4=-8=(i22)?

My =(14+V2)i = e*=(1+2)i=z=1log((1+V2)i)
My;=(1-+2)i = e*=(1-+2)i= z=log((1 - 2)i)

Then 2z = In(1 +v/2) + i(ng 2km) and zp = In(v2 — 1) + z’(—g+ 2%kn); k€ Z

Exercise 02
Let P(x,y) = 2% —y* — 2zy — 20 + 3y + 5.

1. Show P is harmonic on R?:

P oP
—=2r—2y—2 a—=—2y—2x+3
’P_, o°P
ox? E

o*P  0*P

:>W+8_y2:0:>PiS harmonic in R?
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2. Find @ such that f = P + 1@ is holomorphic:

we have 5 90
P
i R (01)
oP 0Q
(02
dy ox (02)

0
From (1) we have 6_Q = 2z — 2y — 2, then:
Y

Q(%y):/(%—?y—?) dy = 2xy —y* — 2y + C(x).
From (2):
(2) = —2y—2z+3=—2y+C'(x)) < C'(x) =2r—3 = C(x) = 2> -3z +c.
Finally: Q(z,y) =2 —y*+2ry — 3z —2y+c¢ ; ceR..

3. Express f(z) in terms of z:

we have

£(0,0) = P(0,0) +iQ(0,0) => 5+ ic =5 + 2 => ¢ = 2

Then
f(z) =1 +4)2* = (2+3i)z+5+2i

4. Compute f'(z) by two methods:
e Direct differentiation: f'(z) =2(1+1i)z —2 —3i

e Using Cauchy-Riemann:

or 0

=2 — 2y — 2+ i(22 — 3)
=2z—24+1(22-3)=2(1+14)z2—2—-3i

Exercise 03
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1. Poles of f:

En posant z? =t on obtient :

24432242=0=1t*+4+3t+2=0=—=A=9-8=1
t1=—1 22 =-1 20 =1 ou z; = —1
ty = —2 2?2 = -2 2 =iV2 ou z3=—iv2
2. Calculate the integral using residue theorem:
The function f(z) has 4 simple poles i, —i, i7/2, et —iy/2
we have P(z) = 2% and Q(2) = 2* 4+ 32% + 2 with deg@Q —deg P =4 -2 > 2

22

(z+i)(z —i)(z +iV2) (2 — iV?2)

f(z) =

Only poles i and iv/2 have a strictly positive imaginary part.

Then we need to calculate the residue at i and iv/2

Res(f. i) =lim(= — ) f(2)
) 22 —1
=lim =

—i(z44) (2 +iV2)(2z —iV2) 2

Res(f,i\/ﬁ) = lim (z — z\/ﬁ)f(z)
z~>i\/§
) 22 1
= lim =

i (2 + 1) (2 — i) (2 +iV2) V2

Then :

I= /+oo e dx =2i [Res(f,i) + Res(f,i\/ﬁ)}

oo T 32242
o _1+ 1
=4TU | o T T =
2i  iy/2

2 -2
= 7 T=(N2-1)r
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